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DAWN ARCHEY 

Abstract. In this paper we introduce an analog of the tracial Rokhlin prop- 
erty, called the projection free tracial Rokhlin property, for C*-algebras which 
may not have any nontrivial projections. Using this we show that if A is an in- 
finite dimensional stably finite simple unital C*-algebra with stable rank one, 
with strict comparison of positive elements, with only finitely many extreme 
tracial states, and with the property that every 2-quasi-trace is a trace, and 
if a is an action of a finite group G with the projection free tracial Rokhlin 
property, then the crossed product C {G, A,a) also has stable rank one. 



1. INTRODUCTION 

The tracial Rokhlin property for finite group actions was introduced in [17] 
where it was shown to be a sufficient condition on the action for proving that tra- 
cial rank zero is preserved when taking crossed products of simple separable unital 
C*-algebras. Similarly, the tracial Rokhlin property is a sufficient condition on 
the action on a large class of C*-algebras to show that order on projections de- 
termined by traces, real rank zero, and stable rank one (when all are present) are 
preserved by taking crossed products Ij . The examples in [16j provide counter ex- 
amples to various strengthenings of results in [T7] . In [5] , open questions about the 
standard actions of finite subgroups of SL2 (Z) on irrational rotation algebras were 
successfully addressed using the tracial Rokhlin property. The paper [I5j answered 
questions about the structure of simple higher dimensional noncommutative toruses 
and the structure of their crossed products by the flip. 

Although the tracial Rokhlin property has had many successes, it also has 
inherent limitations. It is clear from the definition of the tracial Rokhlin property 
that it guarantees the existence of at least n projections, where n is the order 
of the group. In fact, the tracial Rokhlin property implies either that the action 
has the Rokhlin property or that the algebra has property (SP); see Lemma 1.13 
in [17j . Therefore, a C*-algebra with few projections cannot have any action with 
the tracial Rokhlin property. 

Thus in Section [2] we have formulated a projection free generalization of 
the tracial Rokhlin property called the projection free tracial Rokhlin property. 
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This generalization replaces the projections with positive elements and Murray-von 
Neumann equivalence with Cuntz equivalence of positive elements. The increased 
flexibility of this definition comes from the fact that some C* -algebras have no 
non-trivial projections, but every C*-algebra is generated by its positive elements. 
The main result of the paper is Theorem 13. 171 namely: 

Theorem. Let A be an infinite dimensional stably finite simple unital C* -algebra 
with stable rank one and strict comparison of positive elements. Assume also that 
every 2-quasi-trace on A is a trace and that A has only finitely many extreme tracial 
states. Let a: G Aut(A) be an action of a finite group with the projection free 
tracial Rokhlin property. Then C* (G, A, a) has stable rank one. 

In Section [4l we briefly discuss the necessity of some of the conditions in 
the definition of the projection free tracial Rokhlin property. 

In the final section of this paper, we demonstrate that if Z is the Jiang-Su 
algebra as defined in [7], then the action which interchanges the two copies of Z 
in Z (g) Z provides an example of an action with the projection free tracial Rokhlin 
property. We also note that Z satisfies the other hypotheses of Theorem 13. 171 As a 
corollary, we get that the crossed product by this action has stable rank one. This 
was previously shown in a completely different way in Theorem 1.1 of [6]. 

2. THE PROJECTION FREE TRACIAL ROKHLIN PROPERTY 

Definition 2.1. Let x and y be positive elements of a G* -algebra A. We write 
X ^ y if there exist elements rj in A such that rjyr* — ^ x with convergence in 
norm. In this case we say x is (Cuntz) subequivalent to y. If x ^ y and y ^ x, 
we write x ^ y and say x is (Cuntz) equivalent to y. 

Definition 2.2. For e > 0, let f^ be given by f^{t) = for < t < e, by f^{t) = 
£^^{t - e) for £ <t <2£ and /^(t) ^ I for t > 2e. 

It is useful to have alternate formulations of the concept of Cuntz sube- 
quivalence. The following proposition is Proposition 2.4 in [20j . 

Proposition 2.3. Let f^ be as in Definition \2.2l Let x,y be positive elements of 
the unital G* -algebra A. The following are equivalent: 

(1) x^y. 

(2) For all £ > 0, there exists r ^ A with fe{x) < ryr* . 

(3) There exist elements rj and Sj of A with rjysj x. 

(4) For all £ > 0, there exists d > and r £ A such that fe{x) — rfs{y)r* . 

Additionally, if A has stable rank 1, then (l)-(4) above are equivalent to: 

5. For all £ > there exists a unitary u £ A such that ufs{x)u* € yAy. 

The following proposition is useful for determining subequivalence of ele- 
ments constructed using functional calculus. 

Proposition 2.4. Let f and g be positive functions in G{X) or Go{X) for some 
space X. 

(1) If{x€X: fix) ^0}c{x€X: g{x) ^ 0}, then f ^ g. 

(2) Suppose that f =^ g, that X C [0, oo), and that a £ A is a positive self 
adjoint element of a G* -algebra A with sp(a) C X . Then f{a) ^ g{a). 
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Proof. The first part is a comment just before Proposition 2.1 of [20] , 

For the second part, let hj G C(X) be functions such that hjgh* 
f. Then, since functional calculus is a continuous homomorphism, {hjgh*)(a) = 
hj{a)g{a)h*{a) f{a). Therefore, /(a) =^ g{a) by definition. I 

The following definition appears near the end of section 2 of [2]. 

Definition 2.5. Given a normalized 2-quasi-trace r on A, one may define a map 

dr : Moo(A)+ = (U^^iM„(A))+ ^ M+ 

by 

dr{a) = lim r(ai/"). 

n — ^oo 

We say that A has strict comparison (of positive elements) if lim„^oo T(a"'^/") < 
lim„^oo t(6^/") for every normalized 2-quasi-trace t on A, implies a ^ b for all 
elements a,b lE \ {0}. 

Notice that since the definition is already treating AIoc{A), if A has strict 
comparison, so does Af„(A) for any positive integer n. 

Lemma 2.6. If A has strict comparison and c G A+, then cAc has strict compar- 
ison. 

Proof. Without loss of generality, ||c|| = 1. Suppose a,b £ A^ and hm„^oo T(a^/") < 
lim„^co '''(6^/") for every normalized 2-quasi-trace on cAc. Note that any 2-quasi- 
trace tj on ^ restricts to a 2-quasi-trace on cAc, so for such a, we have lim„^oo cr(a^/") < 
lim„^oo (t(6^/"). Therefore, a =^ & in A by the strict comparison on A. That means 
there exist elements rj G A such that rjbr* — > a in norm. 

We now must show that for any e > there exists s G cAc such that 
\\sbs* - a\\ < e. Choose J such that if j > J, then \\rjbrj - a\\ < e/3. We 
may assume that rj ^ 0, because G cAc. Next choose K sufficiently large that 
ll^i/K^^i/K _ all < £/3 and such that \\c^/^bc^/^ - b\\ < g^^. 

Take s — c^^^rjc^^^ . Then compute 

\\sbs* - all < ||ci/^rjci/^6ci/^r}ci/^ - ci/^rj6r}ci/^|| 

+ ||ci/^o6r}ci/^ - c^/^aci/^ll + Hci/^ac^/^ - a|| 

+ llc^/^'f Ikj6r} - all + llci/^ac^/'^ - all 

< e. 

Therefore a ^ b in cAc as well. I 

The following definition is a projection free analog of Definition 1.2 of [IT], 
it is the promised generalization of the tracial Rokhlin property. 

Definition 2.7. Let A be an infinite dimensional stably finite unital simple C* - 
algebra. Let a : G — > Aut(A) be an action of a finite group G on A. We say a 
has the projection free tracial Rokhlin property if for every finite set F <Z A, every 
e > 0, and every positive element x G A of norm 1, there exist elements Ug £ A of 
norm one for each g £ G which are mutually orthogonal, satisfy < ag < 1, and 
such that: 
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(1) \\ag{ah) - agh\\ < e for all g, h e G. 

(2) \\agb - bag II < e for all g E G and b E F. 

(3) With a — X^geG ^9 have t(1 — a) < e for all r S T{A). 

(4) With a ~ X^gGG '^9' element 1 — a is Cuntz subequivalent to an element 
of the hereditary subalgebra generated by x. 

The last condition is not needed if A has strict comparison and every 2- 
quasi-trace is a trace (See section S]). 

Lemma 2.8. If are mutually orthogonal elements for j = 1, . . . ,n, then \\ %ll — 

max ||a_,|| . In particular, if a and Og are as in Definition \2. 7\ then\\a\\ = max^gg ||ag|| = 
1. Furthermore, since a is positive lla^ll ||a||2 = 1. 

Proof. Since positive mutually orthogonal elements commute, it is sufficient to 
prove that for any n E N, if fi, ... fn arc positive mutually orthogonal continuous 
functions on X, then || X]"^! /ill = ^^-xlll/iH, ■ • • , ||/n||}- However, this statement 
is obvious since for each x E X we can have fi{x) ^ for at most one index i. I 

The following lemma and its corollary are analogs of Lemma 1.5 and Corol- 
lary 1.6 of [II]. 

Lemma 2.9. Let Abe a simple infinite dimensional stably finite unital C* -algebra. 
Let a : G Aut(A) be an action of a finite group with the projection free tracial 
Rokhlin property. Then ag is outer for every g E G\{1}. 

Proof. Suppose u is a unitary and g ^ 1. We will show that there is some b such 
that \\u*bu — ag{b)\\ > 1/3. Apply the projection free tracial Rokhlin property with 
£ = 1/3, and with F — {u} to get mutually orthogonal Ug E A for each g EG with 
< Off < 1 satisfying the properties there. By Lemma [2?8l we have 

\\ag{ah) ~ uahu*\\ > \\agh - ah\\ - \\uahu* - ah\\ - ||ag(a/i) - Og/iH 

= l-2e 
= 1/3. 

This completes the proof. I 

Corollary 2.10. Let A be an infinite dimensional stably finite simple unital C* - 
algebra and let a : G ^ Aut(yl) be an action of a finite group with the projection 
free tracial Rokhlin property. Then C* (G, A, a) is simple. 

Proof. In view of Lemma [^31 this follows from 3.1 of 0. I 

Lemma 2.11. If f : M R is continuous with /(O) = and ai, . . . , a„ E A^ are 

mutually orthogonal, then /(X^ILi o^i) — fi'^i)- 

Proof. After showing the lemma holds for f{x) = x", one shows the lemma holds 
for any / with standard functional calculus techniques. I 

Lemma 2.12. Suppose / : [0, 1] ^ M is continuous. Then for all e > 0, there 
exists a 6 > such that for any C* -algebra A and any self-adjoint elements x and 
y of A with sp{x),sp{y) C [0, 1] and \\x - y\\ < S, then \\f{x) - f{y)\\ < e. 

Proof. This is another standard functional calculus argument. I 
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Lemma 2.13. Suppose / : [0, 1] ^ M is continuous. Then for all £ > 0, there 
exists a 6 > such that if x is self adjoint in some C* -algebra D with sp{x) C [0, 1] 
and if z ^ D with \\z\\ < 1 and z]|| < S, then ||[/(x),z]|| < e. 

Proof. We first show that the lemma is true for any monomial f{t) = t^ using induc- 
tion. Then we complete the proof using a standard functional calculus argument. 
I 

Lemma 2.14. Let t be a tracial state on A. For all e > Q, there is a S > such 
that if g : [0, 1] — > [0, 1] is a continuous function satisfying g{0) = and g{t) = 1 for 
t S [1— e, 1], and if a £ A with < a < 1 and with T{a) > 1 — S, then t(1 — g(a)) < s. 
Moreover, we may choose S — e^. 

Proof. Let fj. be the measure on sp(a) C [0, 1] obtained from r. If r(a) > I — 6, 
then 

1-5 < T{a) 

< (1 -e)A*([0,l -£]) + ! •/.((! -e,l]) 

= (l-eV([0,l-e]) + l-/i([0,l-e]) 

= /i([0, !-£])- e^li[0, 1 - e]) + 1 - m([0, 1 - e]) 

= l-e/i([0,l-e]), 

which implies that 

Now we compute 

r{l-9{a)) 
So if (5 < £2 then 

I 

Lemma 2.15. Suppose A is an infinite dimensional stably finite simple unital C* - 
algebra. Suppose G is a finite group. Let a : G ^ Aut(A) be an action of G 
with the projection free tracial Rokhlin property. Let E : C* (G, A, a) A be the 
conditional expectation. Suppose t S T{C*{G, A,a)), then there exists a € T{A) 
such that T — a o E. 

Proof. It suffices to show that ii x ^ A and g ^ G \ {0}, then |T(a;Ug)| < e for any 
£ > 0. Let £ > be given. Let n — card(G). Without loss of generality, ||a;|| < 1. 

Choose Si using Lemma 12.131 with ^ in place of e and with t^/^ in place 
of /. Choose S2 using Lemma [2.121 with in place of e and with t^^^ in place of 
/. Choose 83 < minljgji}. Choose ^4 using Lemma [2.141 with S3 in place of e. 
Choose a continuous function g : [0, 1] [0, 1] such that 5(0) = and g{t) = 1 for 
t G [1 — S3, 1]. We also require that \\g — {2t — t^)\\ < S3. This is possible since 

sup{||l - {2t-t^)\\ : t e [1 -.53,1]} = 5l 



->M[o,i-£]). 



il-g{t))dfi<l-fi{[0,l-e]) < -. 

[0,1] e 



T{l-g{a)) < — = £. 

£ 
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Apply the projection free tracial Rokhlin property with in place of e and 
with F = {x} to get mutually orthogonal positive elements ah for each h G G. Set 
a — "^h^QCih- One of the properties satisfied by a is that T(a) > 1 — 64. By the 
choice of g and (^4, this implies r(l — g{a)) < 63. By the second requirement on g 
we now have t((1 - a)^) = t(1 - (2a - o^)) < r(l - g{a)) + S3 < 263. 

By the Cauchy-Schwartz inequality, we have 

^2 

\T{xUg{l - a))|2 < T{ugXX*u;)T{{l - af) < H^f t((1 - af) <2S3<-. 
Therefore, we can conclude 

(2.1) \T{xUg{l~a))\<e/3. 

We are now in a position to compute |T(a;Ug)|. We have 



\T{xUg)\ 



heG 

< \T{xUg) - T{xuga)\ + 



I \ I 1/2 1/2 N 

^ T (xugah) -^^{ah 

heG heG 

E( 1/2 1/2 * \ / 1/2 1/: 

T xuga^; UgUg ) - 2^r i^a^ xa^,^ 

heG ' ~ 

E( 1/2 1 
T\a^ XGg 



/2 1/2 

h ^'^g'^h 



+ 



heG 



1/2 , 

^gh "9 ) - 



heG 



Ef 1/2 1 
Tl^xa^ flg 

heG 

< \TixUg{l-a))\+0+Y,\r{al 

heG 

, I / 1/2 1/2 1/2 1/2 s| 

/3 + ^ \\ugahu*g - flgf + ^ 



/2 



/2 1/2 * 1/2 1/2 



< e 



a; — 



1/2 



heG heG 

< e by the choice of Si and S2 ■ 



by Equation [2T 



This completes the proof. I 

Remark 2.16. The hypothesis that all 2-quasi-traces are traces appears frequently 
in what follows. Thus it is worth noting as is done near the end of Section 2 of ^ 
that every exact C* -algebra satisfies this hypothesis. Whether this is true in general 
is an open question. 

Lemma 2.17. Let A be a C* -algebra with strict comparison. Fix z €z A with 
< z < 1 and z 0. If < e < t{z) for every 2-quasi-trace t, if g : [0, 1] [0, 1] 
is continuous and satisfies g{0) — and g(t) = 1 for t £ [1 — e, 1], and if a £ A 
with < a < 1 and r(a) > 1 — for every 2-quasi-trace t, then 1 — g(a) =^ z. 

Proof We first claim that (l-g(i))i/" = l-.g„(i) for some continuous gn satisfying 
5n(0) = and gn{t) — 1 for t G [1 — e, 1]. To see this, observe that this is equivalent 
to saying (1 — .g(i))^^" = fn{t) for some continuous function /„ satisfying /n(0) = 1 
and fn{t) — for i e [1 — e, 1]. But the left-hand side is the composition of 
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continuous functions, hence continuous, and the left-hand side maps to 1 and 
[1 — e, 1] to 0, so the equivalent statement is clear. 

By the claim and Lemma [2 .141 since each gn is a function of the same type 
as g, we have t((1 — 5(0))-^/") = t(1 — gnit)) < So now 

t((1 - g{a)f'n < e < t{z) < t{z^^') < t{z^/^) <■■■, 

which implies that 

lim t((1 -5(a))i/") < e < r(z) < lim t{z^/"), 

n — *oo n — >oo 

which gives 

lim r((l -.g(a))i/") < lim r(zi/"). 

n — >oo n — ^00 

Since A has strict comparison, it follows that 1 — g{a} =^ z. I 

3. Stable rank and the projection free tracial Rokhlin property 

Lemma 3.1. Let f be a continuous function on [0, 1] with /(O) = 0. Let {cgji} be a 
set of matrix units for Mn. Then in C([0, l])(8'Af„, we have f{t®eg^g) = f{t)®eg^g. 

Proof. This is proved using standard functional calculus arguments. I 

The following proposition and proof are very similar to Proposition 3.3.1 

of 0. 

Proposition 3.2. The universal C* -algebra A generated by {yj.k ■ ^ ^ j,k < n} 
subject to the relations 

(-^) 2/ii,fci2/i2,fc2 ~ ^fei j2 2/ii ,ji2/ii,fc2J 
(^) Vlk = yk,j, 
(3) 2/1,1 ^ 0, and 
U) < y^,, < 1 
is isomorphic to CAf„. 

Proof. We identify CM„ as Co((0, 1]) ® Mn. Let {cj^k} be an n by n set of matrix 
units for M„. Define the map (j) : A ^ CM„ by yj^k >— > t (g) ej^k- Since the 
elements {t (8) Sj.k} satisfy the relations which {yj,k} satisfy, this a well defined 
homomorphism . 

By the Stone- Weierstrass Theorem the elements {t (g ej^k} generate CMn- 
Consider an irreducible representation it : A ^ H oi these relations. Let 

Zj^k = '^{yj,k)- Consider the element c = zf + ■ ■ ■ + z'^ ^. For any j and k between 

1 and n, 

2 2 

Zj,kC — Zj^k^k^k ~ ^ij-^J:'^ ~ CZj,/j. 

Thus c is central in C*({2j,fc}i<j,fc<„). Because tt is irreducible, this implies that c 
is a scalar multiple of the identity. That is, for some 7 G [0, 1], we have c = 7/. 

If 7 = 0, then c = 0. In this case, given I and fc with 1 < A; < n, we have 

/-I n 

j = l 

Note that this sum consists entirely of positive elements and yet adds to zero, 
therefore each item in the sum is zero. In particular zi^k^if. ~ which implies 
zi,k = 0. Therefore, if 7 = 0, then zi_k is the image of i ei^k under the zero 
representation of CMn. 
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If 7 > 0, then 7 ^ is defined. Note that "yz]j — czj ^ — zj^. This imphes 
that J^^z'j J is a projection for every j. From this we can also conclude that 
"J^^^^Zjj is a projection. Next we observe that j~^^^Zj_k is a partial isometry 
between "f~^^^Zjj and ^~^^^Zk,k- Therefore, the elements 7~^/^Zj_fe satisfy the 
relations for a set of matrix units for M„. 

Up to unitary equivalence, = C" and zj^k — l^^'^^j,k- These are the 
images of {t ® ej^k} under evaluation at 7^/^. Thus by Lemma 3.2.2 of [9] we are 
done. I 



The following lemma guarantees the existence of elements of C* (G, A, a) 
which satisfy the cone relations above (conditions 1-4), approximately respect the 
action of G (conditions 5 and 6), and are near elements produced using the projec- 
tion free tracial Rokhlin property (conditions 7-12). 



Lemma 3.3. Suppose A is an infinite dimensional stably finite unital simple C* - 
algebra. Let e > and let F C A be a finite set. Suppose G is a finite group and 
a : G ^ Aut(A) is an action of G on A with the projection free tracial Rokhlin 
property. Then there exist 6, with 5 < e, positive elements ag ^ A for each g G G, 
and elements Yg^h G C*{G, A, a) for each g,h € G such that for g, h,j, k G G we 
have 



(1) yj.kYgM = Sk,gYj,jYj^h- 

(2) Yl^^Yk,,. 

(3) Yi 1 ^ 0, where 1 is the identity of G. 

(4) < Fi.i < 1. 

(5) \\ukY,,i-Ykj4<e. 

(6) \\Y,.gul~Y,,ks\\<e. 
(V r„--a,|| <£. 

(8) Fi,! e A. 

(9) \\Yj,jb - bYj^j II < 2e||6|| + e for any b€F. 

(10) \\aj{ak) -ajkW < 5 . 

(11) \\a.jb - ba.j\\ < S for all be F. 

(12) With YjgeG "9 ™^ ^"■'"^ ■^(1 - a) < 5 for all r G T{A). 



Proof. First observe that ([5]) and (O are equivalent by taking adjoints, so we will 
only prove In order to show (O, it suffices to show ||mjYi_/j — Yj_k\\ < ff/2 and 
\\uj^iY,^k-Yi^k\\ <e/2. 

We will proceed by induction on the matrix size of the cone, showing at 
each stage that all the relations are satisfied. 

First we work on CM2. Let 1 be the identity of G and let (7 £ G be a fixed 
non identity element. Let e > be given. Choose So with Q < < e such that if 
X and y are positive elements of norm less than or equal to one in any G* -algebra, 
and if [|a; — y\\ < Sq, then ||a;^/^ — y^^^\\ < e/4. Apply the projection free tracial 
Rokhlin property with Sq in place of e and with F and x as given to get aj for each 
group element j G G. Properties pU)) . pT|) . and are true by the definition of 
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the projection free tracial Rokhhn property. Define 

/ 1/2 * 1/2x1/2 

yg,g H^y^Uga.ulay^Y'^ 

1/2 * 1/2 
2/1,9 "gflg 

1/2 1/2 

2/g,i =ag' WgOi ■ 

Using the fact that ai and ag are mutuaUy orthogonal, it is easy to check 
that properties ([1]), ([2]), and ([3]) of the statement are satisfied. For ([4]) we recall 
from the definition of the projection free tracial Rokhlin property that < < 1 
for each j G G. This implies 

< a[^'^UgagUgaY^ < ai < 1. Therefore, < yi^i < 1. Similarly, < (I'J'^UgaxUgti'J'^ < 
a.g < 1- Therefore, < yg^g < 1. 
To show dSI, we use 

Ikg - UgaiU*g\\ < So 

to compute, 

Wugyi.g - yg,g\\ < \\u gu/^ ula^^^ - flg 1 1 + \\ag ~ (fl^ oi u* a^^ ) | j < e/2. 
Similarly, ||ug2/i4 ~ 2/g,i|| < But now 

\\ug-iyg,i - yi,i\\ = \\ugUg-iyg^i - Ugj/iall < e/2 

and 

\\Ug^yg,g - yij\ = hgUg-^yg,g - %2/i,gll < e/2. 
Next we show that ^ holds. By the choice of Sq, we have 

Way^UgagUga^^ - afW < ||u*ag% - ai|| < do, 

which implies 

II2/M - aill = \\iay\;agugal/'y/^ - a^\\ < e/2. 

Similarly, ||yg,g - ag|| < e/2. 

For property we note that u*agUg — ag-i{ag) G A, so yi i G A. 
Next we show ([9]). For any b € F and j ~ 1 or j — g, we have 

\\y3jb-by,,j\\ < \\y,,jb-a,b\\ + \\ajb-ba,\\ + \\baj-by,J<e\\b\\+6o+e\\b\\ < 2e\\b\\+e. 

For the purposes of induction it is helpful to have one more property, 
namely, that yj,k for j, A: G {1, 5} are each orthogonal to am for all to G G \ {1, g}. 
This is clear since ajQm = if j ^ to. This completes the base case. 

From now on let the elements of G be called 1, . . . , j, . . . , n instead of 
gi,...gn to avoid an excess of double subscripts. In order to avoid confusion, 1 
will be the identity of G. 

Now suppose that for any ei > 0, finite F <Z A, and positive x of norm 
1, there exists a positive number 5 — S{e, m) < e such that if there exist elements 
Zj^k S G* (G, A, a) for 1 < j,k < m and Ug € A for g G G such that 

(1) Zj^kZi,h = Sk,iZj^jZj^h for 1 < j, k,l,h< m, 

(2) z* J, = Zk.j for 1 < j, fc < TO, 

(3) zi,, + 0, 

(4) < zi,i < 1, 

(5) - Zfej.ill < £1 if j,kj,kj < TO, 
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(6) \\zj,iul - Zj,ki\\ < £i if j, k, I, kl < m, 

(7) \\zj,j - a-iW < £1 if 1 < i < m, 

(8) ^1,1 e A, 

(9) 6zjj|| < 2ei||6|| +ei, 

(10) \\ag{ah) - aghW < 6 for all g,he G, 

(11) \\agh - hagW < 5 for all 6 G F and all g e G, 

(12) With J2geG % we have r(l - a) < (5 for all r e T(A), and 

(13) Zj^kO'i = CLiZj,k = if 1 < J, /c < m and m + 1 < / < n. 

Given any e > we wish to show we can produce 5[e,m + 1) < e and 
elements yj^k and Og which satisfy the above properties for 1 < j, /c < m + 1, for all 
g ^ G and with e in place of ei above. Without loss of generality, e < 1. 

Let < Sq < e/192. Choose 5i so that if x and y are positive elements 
with < 1, \\y\\ < 1 and \\x - y\\ < Si, then \\x^^'^ - y^^'^\\ < Sq- Without loss of 
generality, 5i < Sq. Then choose S2 > such that if x and y are positive elements 
with ||a;|| < 1, ||y|| < 1 and \\x - y\\ < S2, then \\x^^^ ~ y^^^W < Si/8. Choose 
63 — niin{-^, ^}. Now choose < 64 < min{S2, 61/ 4:}. 

Define a continuous function / to be zero on [0, S4], one at t — 1, and linear 
on [S4, 1]. Define a continuous function g to be zero at t = 0, one on [64, 1], and 
linear on [0, S4]. Notice that \\f{t) — t\\ < S4 and that fg = f. 

Choose a polynomial p in C([0,1]) with Ib-^i/^ll < -53/3 andp(O) = 0. 
Write p{t) = I]l=i^m^™- Let Ap = Y.'L^i Suppose ^ : CM„ B is a 

homomorphism to a C*-algebra B and u £ _B is a unitary satisfying 

^3 

\\u'tlj{t(^ ei^k) - '0(i "Xi ej,fc)|| < — . 



3Ap 



Then 

||wV(i^^^ «) ei,fc) - V'(i^^^ ® ej,fc) 



d 



< \\t'^^ -p\\ + y] hV'(&mi™ «) ei.k) - V'l&mi" ® ej,k)\\ + \\p - t'^^ \ 



m— 1 



< 2S3/3 + \bm\\\uil;{t (g) ei,fc)V'(i'""^ ® ek,k) - ^{t ® e^- fe)V'(f"~^ ® ek,k) 



m— 1 
d 



1 ^12^=1 1^" 



(3.1) 

= ^3. 



This implies 

(3.2) h^Pif/^ «. ei,fc) - ^(/i/2 ® ej- fc)|| < 2^4 + (^s- 

Choose < S5 < min{^,^,%,^}. Let < Sq < min{£/48, 5i/2, Js}. 
Apply the induction hypothesis with Sq in place of £1 to get elements Zj.fc and ag 
which satisfy the fifteen properties above. Thus S{6Q,m) < 5q so we may assume 
the projection free tracial Rokhlin property was applied with a number smaller 
than ^6 in place of e. Once again, properties PH)) . (fTT|) . and (fT^ are satisfied by 
the definition of the projection free tracial Rokhlin property. 



CROSSED PRODUCTS AND THE PROJECTION FREE TRACIAL ROKHLIN PROPERTY 11 

These elements Zj^k allow us to define a homoniorphisni (j) : CMm — > 
C*{G,A,a) by {t Cj^k) ^ Zj^k- Let sj = ^(/^/^ ® ej^) for j = 1, . . . ,m. For 
1 < j < m, set 

_ / 1/2 2 * 1/2 Nl/2 

ym+l,m+l — I'^m+l^ni+l'Sl^im+l'^rn+l J ' 

_ * 1/2 
yj,m+l — Sj^m+l'^m+l' 

_ 1/2 * 
ym+l,j — flm+il*in+lSj , 

_ / * *^l/2 

J/j.fc = yj.j(t>{g®ej,k). 

Before we start to prove that these elements satisfy the cone relations, 
we make some observations. Notice that Sj4>{g 'E) ek,i) = 4>{f^^'^g (8) ej^iek^i) = 
^(5i,fcej-z). Also, 

which equals Sk ii j — I. 
Notice that 

for any positive integer d. Therefore, by the continuity of functional calculus, for 
any continuous function / with /(O) = we have 

fiSjU*^+iarn+lUm+lS*)(f)ig ® Cj^k) = 0(5 ® ej.k)f{Sku'^,+ ia,n+lUrn+lS*k). 

In particular we have 

(Sj"m+iam+lMm + lS*)^/^(?!'(5 ® Cj^k) = (j^ig ® Cj^fe ) (sfeU*„_|_ia,„+i U„+iSfc ) . 

Therefore, 

(3.3) Vjd^ia ® ej,k) = (f){g ® ej^k)yk,k- 

Similarly, since Sj(j){g®ej^j) = 4'{f^^^'EGi,j)4'ig'Esj,j) = 4>{f^^'^ = sj, 
we conclude, 

(3.4) yj,3(t){g®e,j)^yj,j. 

Now we check property For this portion of the proof assume that 

1 < ?, j, fc, Z, < TO. It is easy to see that yj,m+iym+i.j = j- and that ym+i j2/j,m+i 
ym+i.m+i- Next we see 

yj,m+iym+lM = SjUm+iam+lMm+l(/!)(/^/^ ® ei^fc) 

= yj:3y3,Ai9 ® ej^k) 
~ yj:jV3,k 

Since j < to, using the fifteenth property of the induction hypothesis at 
the second step, we have 

/ * *\l/2/ 1/2 * 1/2 \l/2 

yj,jym+l,ni+l = (SjU^+iam+lU.m+lSj) ' (a^+i Um+1 ) 0(/ ei,iu„_^_ia,^+i ) I 

= 0. 
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Now suppose that j j^k. Then 

yj,kyi,i = yj,j(f>{9 ® ej^k)yi,i 

^Skdyj,j(l){g(E)ej.i)yi^i 

= ^kdyj,jyj.,i4>{g ® e^,;) by Equation[3?3l 

= Skdyj,jyj,i- 
li i ^ k we also have yjjyk.k — smce s*Sk — 0. 

Now if fc ^ i, and j =/= k and i ^ I, we have yj^kyi,i = yj,j4'{9 ® '^j,k)4'{g ® 
^i,i)yi,i — 0- On the other hand, if fc = i, but j ^ k and fc 7^ I we get yj^kyi,i — 
Vjj^'ig'^ ®e.],i)yLi- This shows (P). 

For ([2]), note equation 13.31 imphes y*jk— Vkj for 1 < j, fc < m. The rest of 
the adjoint conditions required for ([2]) are clear from the definitions of the elements. 

Next we show ([5]) by checking the various cases as we did for ([T]). However 
we begin by computing some useful estimates. Using \\f{t) — t\\ < 64 < 62 and 
\\(j){t (g) d^i) — ai\\ < S5 < S2 for the last step, we compute 

\\yl^ ~al\\< 2||0(/i/2 ei,i) - a^^W + \\ul^,a,n+iu,n+i - ai|| 

< 2||0(/i/2 (g> ei,i) - 0(^1/2 ^ ei,i)|| + 2110(^1/2 ® ei,i) ~ a}/'|| + 5^ 
<5i. 

By the choice of di, this implies that 

(3.5) ||2/i,i-«ill <'5o. 

Using the facts that ||ai — 21,1 1| < < S2 and \\t — f\\ < 5^ < S2 we see 

that 

(3.6) ||a}/2-0(/i/2®ei,i)|| < llaY' ~ z^Jll + llzl^f - 4>{f/^ <E> e,,,)\\ < S,/A. 
Additionally, since \\ujakU* — ajkW < Se < Si for I < j, k < m, we have 

(3.7) \\ujaJ^u*~a]i^\\<do. 
Note that 

S3 

\\uj(l){t (X) ei^fc) - (j){t (g) ej^fc)|| = ||ujZi,fc - Zj-,;|| < (^5 < — . 

Thus by Equation [Q we have ||uj0(i^/2 (g) ei_fe) - (/)(i^/2 (g) ej_fc)|| < S3. 
Therefore, by Equation 13.21 

(3.8) \\ujq>{f/^ ® ei,fe) - 0(/i/2 55 e^. ^)|| < 2,54 + ^3. 

In particular, \\uj(l>{f^/'^ (g) ei,fc) - (/'(/^/^ g) 6^,^)11 < e/16. 
Additionally, 

||mj(?!)(5 g) ei,fc) - (/-(ff (g ej.k)\\ = \uj(i>{j^l'^ g) e\,k)^{g ® ek,k) - ^(/^^^ e.3,k)i>{g ® ^k 

(3.9) <£/16. 
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Now 



/ *\2 2 



3J 



< (g) ei,i)u*„+ia„+iu„i+i0(/^/^ (g) ei,i)u* 

- Uj(f)if^/^ ® ei,i)w^_|_ia,„+iM„+i0(/^/^ (g) ei, 
+ WujHf^^'^ ei,iX„+ia„+i'u„j+i(/)(/^/2 ® eij) 

- '/'(/^^^ «) ej,i)<„+ia„+iu,„+i(/)(/i/2 ® eijOII 
<2l|u,0(/i/2®e,,)_0(/i/2^e^.,)|| 

< 264 + (^3 

<<5i. 



Therefore, 

(3.10) \\ujyi,iu* - yjjW < 5a. 

We now begin to check the cases for ([5]). If j = m + 1, but / 7^ rn + 1, and 
I ^ 1, then 

1 /2 

- Il'"m+i2;i,i0(5 8'ei,;) -am+iUm+lS;*!! 

= ||(siu;,+ia„i+iu,„+iSi)^/2(/)(5r(g)ei,;) - <„+ia^+iU™+is; || 

< ||(siM^+ia„+iu,„+iSi)^/^ - oill 

+ \\a^^<^{9 ® ex.i) " ® ei,i)(/.(g ® ei,0|| 

I II 1/2 * 1/2 I 

+ lll^l ^ "m+l«m+l'"™+ll 

< 5o + <5i /4 + <5o by Equations EH EH and [3J] 

< e/2. 

Next suppose that j = m + 1 and ^ — 1. Then, using Equation 13.51 in the 
third to last step and Equations 13.61 and 13.71 in the second to last step we see that 



< l|yi,i - flill + l|ai - a^^sill + llaj/^si - <„+ia;^^+iMm+iSi II 

< <5o + - ei,i)|| + \\aT - u*^^^^il,u^^,\\ 

< (5o + 2(5o + (5o 

< e/2. 



Now let j — I — m + 1. We use ||u,„+iaiitj^_|_]^ — am+i|| < 65 < Si/2, the 
estimate ei_i) — ai|| < Js, and ||t — /(Oil < '^4 for the second to last step to 
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get 

\\ujyi,i -VjdW 

6ia)"m+l'^m+l) 



1/2 



< 



Wm+10 (/^/^ ® ei,i) <i+iam+i - M™+ia}/\,*„+ia;^+i 



1/2 * 1/2 



, 1/2 * 1/2 



1/2 



(1/9 1 /9 \ "^/^ / 1 /9 1/9 

a^+iW™+iaiM;,+ia„;_^i j - (^a„;+iU„+i(/> (/ ® ei,i) <„+ia,„+i 

'2 1/2 \ "'"^^ / 1/2 1/2 \ "'"^^ 

+ lWm+iai'"m+iam+l j " (am+l'"rn + l'/' ® 61,1) <„+ia„+i j 

1 /2 

(a™+iWm+i0 (t ® ei.i) M™+ia;^^+i) - (a;^/^iM™+i</) (/ ei,i) w^^+ia 



1/2 



< 



+ 



1/2 
m+1 



+ (5o + 2(5o by Equation 13.61 

< 5i/8 + <5i/8 + 35o 

< e/2. 

Now suppose 1 < J < m and j ~ I. In this situation, 
WujVu - yj,i\\ = l|ui?/i,i</'(5'^eij) 

< ll"jyi,i"i"j</'(5 ® eij) - yjjUj(l){g (g) eij)|| 

+ \\yj,34'i9 ® ej^j) ~ Vj^jW 
<5q + e/16 by Equations [330l ESI and[33] 

< e/2. 

Now suppose 1 < j < m and 1 < / < m with I =/= j. Then, 

hjVi.i - yj,i\\ ^ WujVuMg «> ei,;) - yj,j(t){g ® e^j)!! 

< ||-Uj2/i4U*Uj(/)(5 ei,;) - Ujyi^iu*<p{g (g) ej,i)|| 

+ \\ujyi^iu*(f>{g e^u) - %j0(5 e^-,;)!] 

< e/16 + (5o by Equations EH and IXTOl 

< e/2. 

Finally, suppose 1 < j < m and I ~ m + 1. Then 

ll^iyi ,m+l yj,m-\-l II < lkj'/'(/'/' ei,i) - e,- 1)|| 

< e/2 by Equation [SiSl 

Since we do not need to consider j — 1 because Uj ~ 1, this shows and 
hence ^ hold. 

For ([3|), we use Equation 13. 5| namely that \\yjj — aj\\ < So < e/192. 
Combining this with Definition Lemma 12.71 we see that ||yjj|| > 1 — Sq — Sq > 
1 — e/48 — e/192 > 1/2 by our assumption that e < 1. 
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To check d?]), we compute \\yj.j — aj\\ using Equation 13.101 

Ibij - Ojll < lly^j - Ujyi,iw*|| + \\ujyi,iu* - Ujaiu*\\ + \\ujaiu* - aj\\ 

< Si/8 + d5 + 6e 

< e. 

Next we check Since si e A and u*j^;^a„i+iu„i+i = a,7j^^(a„i+i) G A, 
it is clear that G ^. 

Now we verify ([9]). For any 6 G we have 

ll^j^-^ywll < Il%j^-aj6|| + ||aj6-6aj|| + ||6aj-6y,j|| < e||6||+(55+e||fe|| < 2e||&||+e. 

For (dl, we first recaU that < < 1 for all g G G by the definition 
of the projection free tracial Rokhlin property. Thus, < SjU*^^j^am+iUm+is* < 
SjS* — Zjj. The induction hypothesis that < zjj < 1 now gives us < < 1 
which implies < yj,j < 1 for 1 < j < m. A similar argument shows that 

< y7n+l,m+l < 1- 

Finally, we check the extra hypothesis for inducting, namely (13). Let 
^ ^ ji k < m and m + 1 < I < n. By the induction hypothesis, = Zj^kO-i = 
4>{t®ej^k)a,i^ and the same on the other side. Thus we also have ® ej^fc)a; = 

and 4){g ® ej_fc)a; = 0. This implies ym+i.jai = 0, and that aiyj^„i+i — 0. We also 
have aiyj^j = aiyjj = and thus yj^kai = aiyj^k = 0. 

Since a; is orthogonal to ah for every other group element h, we also have 
ym+i,m+iai = aiym+i,Tn+i = 0. Similarly yj,m+iai = and aiym+ij = 0. This 
completes the induction step. 

For the statement of the lemma, let Yj,k be given by the yj^k constructed 
when m + 1 ~ n, where n — \G\ and let Ug be as constructed in that same step. I 

The following lemma is the projection free, finite group analog of Lemma 
2.5 of pn]. It finds an isomorphic copy of matrices over a hereditary subalgebra 
of A as a large subalgebra of the crossed product. This is useful because we wish 
to show the entire crossed product has stable rank one and such a subalgebra has 
stable rank one. 

Lemma 3.4. Let A be an infinite dimensional stably finite simple unitalC* -algebra. 
Let G be a finite group; let n = card(G). Let a : G Aut(^) be an action 
with the projection free tracial Rokhlin property. Let l : A ^ C* (G, A, a) be the 
standard inclusion, write B = G*(G, A, a), and let Ug E B be the standard unitary 
implementing ag. Then for every finite set F C B, every e > 0, and every natural 
number N, there exists a positive element c^^^ £ B, a subalgebra D C ct^'Sct^', a 
positive element c^^l G A, an isomorphism $ : M„ cJ^'^jAcJ"'^) — + D and elements 

c^g \ for each g and h in G such that: With {eg^fi}g,heG being matrix units for Mn, 
we have 

(1) For any d G c^^'^^Ac^"'^^ we have $(ei_i ® d) — d, and for any s £ A with 
\\s\\ < 1 there are elements dg G c^"'"Jylc^"'"J such that $(eg.g ® rfg) = c^g\sc^ig 
and dist(c^"^Jsc^"^g, ^) < s. 

(2) \\<^{eg^g ® d) - Ugdu*g\\ < £ 1 1 d 1 1 /or U G c^^J 

(3) For all x e F, there is ay € D such that \\c'^^^xc'^^^ —y\\<£ and \\y\\ < \\x\\. 

(4) E,eGHe,,,®c['})^c^'\ 
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(5) Ijc'-'-^a:; — xS-^^ II < £ fof every x £ F. 

(6) t(1 - c(i)) < 1/iV for all t e T{B). 



Proof. Let F, e, and N be given. Let S C Abe the finite set such that each element 
of F can be expressed as J2g<£G 'with coefficients hg in S. 

Without loss of generality, ||a;|| < 1 for all a; e F and ||?/|| < 1 for all ?/ 6 S'. 
We can always rescale to achieve this. 

First we observe that by the same argument used in the proof of Lemma 
2.5 of pjj we do not need to prove the norm condition in (3) above. 

Let < £o < min{e/(407i^), e/(12)}. Define continuous functions /o and 
/i on [0, 1] as follows: 

/o(0) = 0, 

/o(t) = 1 for i in [1 — eo, l]i and 
/o is linear on (0, 1 — £o)- 
fi{t) = for < in [0, 1 -eo], 
/i(t) = 1 for i in [1 - £q/2, 1], and 
/i is hncar on (1 — eo,l — eo/2). 

Let < £i < min{e/(8n2), £/(12)}. Apply Lemma [2?T2l to /i with £i in 
place of e to get ^i. Apply Lemma [2. 131 to /i with ei in place of e to get 82- 
Let 



< £2 < min 



£ (5i 5: 



2 



287i2' 12' 4 ' 5^2' 2nN 



Let be the value of 5 given by applying Lemma 12.141 with mhi{^^ ne2 + -^j in 
place of £. We also require S3 < j^. 

Let {eg^fi} for g, /i G G be a system of matrix units for M„. Let t represent 
the function f{t) = t. Notice that {t (g) eg^h}g,h£G generate CMn- 

Apply Lemma 13.31 with S in place of F and with £2 in place of e. This 
provides us with (5 > 0, Og G A for g E G and Yg^h G B for g,h E G satisfying the 
conclusions of that lemma. Thus we can define a homomorphism, ipo : GMn B 
given by (po(i ® Sgji) = Ygji. We also require S < j^. 

Let c'^gi = ¥'o(/o egji). Similarly define c^^ l = (po(/i e^jj. Also set 
c(o) — X]geG"^9^9 ^'^'^ similarly c'-'^' = X]geG"^9^s- Notice that since Yi^i G A, we 
also have c^"^ G A and c^^J G A. 

(0) .(1) ' - A. Ji) q™;1o.k. Ji) JO) - A. Ji) 



Notice 4,,,,,42,/«2 = ^'n,g2Cg,[h, - Similarly, 4;,,,, 4/,,,^ = Sh.^g, 



'92, hi ■ 



D efine a fu nction $ : Af„(c^^l Ac^'^) ^ B by ^Xg^h)) = EgM^f^Xg^hcfl 

for Xg,,, G c^ilAc'il. Set = Im($). 

Next we check that $ is a homomorphism. It is easy to check that $ is 
additive and is star preserving. We will check that it is multiplicative. 
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Let X = [xgji) and y = [ugji)- Note that {xy)gji = Y.keG ^9^kyk,h- Then, 
usmg the facts that Xg^h and yk,i are in c^^J^c^^l and that c^^Jc^'^J — c]^l, we get: 



$(a;)$(y) 



g,h€G 



E(0) (0) 



k,leG 



E f E 



\ (0) 



g 



Furthermore, $ is injective since cJ^JAcJ"'^} is simple by Theorem 3.2.8 of 

m and Hc^}) = c^^c^ = ci^l / 0. ■ 

Next we make some norm estimates to be used later on. Note we have 
</5o(/i ® eg.g) = fii^ait ® eg,g)) by Lemma O Also note that \\c\^l - Yh^kW < 
\\fo-t\\<eo. 

Next we estimate the affect of conjugating cf^]^ by Ug. Since 
\\ugYh,hU*g - Ygh^ghW < 2e2 < Si, 
by the choice of Si. Using Lemma [2. 121 we have 



hg^hiK - ^ItghW = WfiiugiMt ® (^h,h))u*g) - fiMt ® Cgh^ghM 
(3.11) <ei. 
Now we compute. 



g'^h.k ^gh,k\ 



U„C 



< \\u„c 



(0) 



g'^h.k 



jYh.kW + \\UgYh,k - Ygh^kW + \\YghM - Cgh.kW 



(3.12) <2£o + e2. 

Next, using Equations 13.111 and 13 . 121 for the second inequality, we compute 
the similar quantity using c\^\'. 

ll"9^/i,fe ''g/i./cll — \\"'g'-h.h"-g"'g^h.k '^gh,gh"-g'^h,k\\ ^ \\^gh,gh"'g^h,k ^gh,gh^gh,k\\ 

(3.13) <ei+2eo + £2. 



Let s e S" and recall that we have normalized so that |ls|| < 1 for all s £ S. 



We have 



\\[Yg,g, S]\\ < \\Yg^gS - agS\\ + | | Og S ~ SflgH + WsUg ^ SYg J\ 

< 2£2 + S3 
<S2. 

Using the preceding estimate and the choice of S2 using Lemma [3J] we now 



get 
(3.14) 



< \\[fi{Mt®egJ),. 



< Si. 
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Let y & B and g, h,k,l & G. Then we observe 



(3.15) 



<2||y|| ||t-/o| 
< 2||y||eo- 



Let y £ B. Then by Equation 13.121 we have 



(0) (0) (0) * (0) 



< 



(0) (0) (0) (0) 



(0) (0) (0) * (0) 



(3.16) 



< 3l|y||(2£o + £2). 



Now let {ygji} C B for g, h e G. Then, 



(3.17) 



E(o) (0) (0) , , , 



JO), 



g,hGG 



< 



(0), 



JO) 



gM<£G 
JO), 



JO), 



iVKg-^hC^^g-lh - Ch,hUhyh,g-^hUhCh^hUg 
g,heG " 

< 3n2 max ||y/i,g-i,J| (2eo + £2) • 

g,hEG 



Now given x G F, we can write x = J2geG •^s'^s with Xg e S. 

Set Zh,g = ul{c\^^f^{xhg-i)c''^jjuh andy/i^g = c^^Ja,i-i (x/,.g-i )c^^J . Note that 



2//i,g G c^^JAcJ^J. Then, using Equation l3 . 1 1 1 and the fact that \\xg\\ < 1 we compute: 



(3.18) 



\Zh,g-^h~yh,g-^h\\ = WUhCh'hXg&f^j^Uh 

< 2ei. 



(1) \ (1) 



Next we estimate the effect of c^^^ on x. In the second step we used Equa- 
tion 13.111 For the second to last step we used Equation 13.141 and the fact that 
c"f^\cg^,l = unless g = h. For the last step we used the fact that ||a:g|| < 1, since 
S S* to compute: 
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C XL. ^h,h^h,h'^g'^ 



(0) Jl) ^ ^(1) „(0) 

h,h'^h,h^9 



(3.19) 



< 



E(i) (1) _ (1) 



g'^gk,gk "s 



h,g,k£G 
+ 



g,h,k£G 



E(l) (1) 



g^h^k^G g,h 



(1) (1) 



< n max ei 



+ 



+ 



E 4! 



(1) (1) 

h^a^gk,gk'^a 



(1) Jl) 



'^gk,gk^a'^a 



g,h,keG 



g,h,keG 



/ . ^h,h'^gk, 
g,h,keG 



(1) (1) 

gk,gk-^g"-a 



J2 (("h h^^gUg 

h,g£G 



E( (1) \2 _ (1) (1) 

\'^h,h> ^a'^g 2^ ^h,h^a^h,h''^i 



h,geG 



h,geG 



<n max [Ixoll El + n max ei + + n max||xo||£i 

geG " geG " gSG " 



We are now in a position to prove part (3) of the statement. Note that 



'^iiyh,g-^h)) = Es,/.eGCMy/«.3-i/»c[°J_i;, e -D and so 



\^ JO 



(0) _ 



g,heG 



< 



(0), 



\^ JO „ JO ^ „ „ „*^ o 

C^,l^'».9-''''^l,S-i'i ~ (^hM^hVh^g-^hUhCh^ 

g,heG g,heG 



E O * (0 (0 * 



gJieG 



g,heG 



< 



JO) „W ^ „W AO) _„(i)^„(i) 

Z_^^h,h'^h,h-^3'^h,h^h,h"'a ^ 
g,h 

Sn^ max ||y,j -ift||(2£o + e2) 
a,heG 

+ r?2£Q 

+ 3n2ei by Equations ISTZl [37T81 and [37T9l 



< e. 



This proves part (3) of the statement with y taken to be ^{{yh^g-iy^). 
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For part (1) of the conclusion, suppose d G c^^^Ac^^^. Then 



^ei^i^d) ^ cfWil ^ lim c'^iicYiy^'^dicYi 



(0)/Jl)U/nj/Jl)U/n (0) _ 



hm ic[]ly/-d{c[]ly/" - d. 



This is the first half of (1). 

For the second part of (1), let s £ 5. Recall that we have normalized so 
that l|s|| < 1. Let d c[^,lsc[]l G c[]IAc[]1. Then 

g>(p 55 ^^ _ Jo)rfp(o) - JO) (1) (1) (0) _ (1) (1) 

Furthermore, 



dist(4>ci;^,^)<||4>c! 



1,3 



< 2(£i + 2£o + £2) by Equation [XT^ 

< e. 

This completes (1). 

To prove (2), let d G c^^^Ac^^J. Using the fact that d = lim„j^o( 
we compute: 

Wugdu* - $(e,,, ®d)\\= lim ^^,c^"^(cW)V"d(c«)V™c(°)«* - c'^ldcfl 



,(c«)i/'"d(c«)iA 



< 



< 



UgCiiUCiiUg Cg-j^aCiiUg 



"-g,! 1,1 9 S.l 1,9 



(0) (0) 
^9,1 



9"-l,l 



IMII 



,(0), 



„(0) 
-1,9 



Nil 



< 2(2eo + £2) I Mil using Equation [XT^ 
<£|MI|. 

This is condition (2) of the lemma. 
For (4) we compute 



(1) 



96G gi£G gi£G 

For (5) we begin by computing for any x — 'Yliht^G ^hUh G F how close x 
and X^gGG ^9-9 ^'"^ ^'^ commuting. We have 



E>^.. E 



XhUh 



V9eG 




- E 11^9,9^''^'' ~ '^'»^9,9"'i II + E W^hUhUlYg^gUh - XhUhY,i-lg^h-lg\ 
g,hGG g,heG 

< 3n^£2 + 2n^£2 

< S2. 



< 



By the choice of 62, this implies ||/i(EgeG ^9,9)^ ~ ^fi(J2geG^g.g 
£1 < £. But, by Lemmalim we have e > \\ Y^geG fi0^g,g)^ " 2; X^gec /i (^9,9) II = 
||c(i)x-xc(i)|| which is (5). 

Finally, we will show that (6) holds. We wish to show that r(l — c^^-*) < 
for all T G T{B). However, in light of Lemma r2.15l it suffices to prove the statement 
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for all T e T{A). Now, since \\ag - Yg^g\\ < 62, we have || Y^gec ~ Y.geG ^a,a\\ < 
n£2- Therefore, T(X)ggG ^a) ^ '^^2 + '''(X]£/eG choice of (5 using Lemma 

Jwe have r(l - ^360%) ^ m- 

Combining these facts we have 

1- > 1 - T a J > 1 - T Fg, J - n£2. 



27V 

This implies 

27V 



geG / \geG 



^+ne2>T{l-Y,ya.a)- 

a(^G 

Therefore, by the choice of S^, 



i>.>.(i-/.(i:.„)) 



N 

which is (6). I 

The following lemma is the analog for positive elements of Lemma 3.2 of 

Lemma 3.5. Let A be a C* -algebra, let x,y € A^, let t be a tracial state on A. Let 
g : [0,1] ^ M. be a continuous function. Then T{g{ii^/'^xy^/'^y) = T{g{x^^'^yx^^^). 

Proof. We first verify the statement for g{t) — t"' + c for any natural number n and 
constant c. Note that 

r((yi/2xyi/2)" + c) = T{y^/\xyr-^x'/^ix^/V^^)) + c 

= r((xl/2yl/2)yl/2(^y)n-l^l/2)^^ 



Thus the lemma holds for any polynomial and so, by the continuity of functional 
calculus, for any continuous function. I 

Lemma l3.9l is an analog of Lemma 3.3 of for positive elements instead 
of projections. The next few lemmas are used to prove Lemma 13.91 

Lemma 3.6. Let g : [0,1] —>■ [0,1] be a continuous function with g{l) = 1. For 
every e > 0, there exists S > such that whenever A is a unital C* -algebra, r is a 
tracial state on A, and x,y are positive elements of A with \\x\\ < 1 and \\y\\ < 1 
such that t{x) > I — S and T{y'^) > ||t|^j^|| — S, then T{g{yxy)) > T{y'^) — e. 

Proof. Choose 5q G (0, 1) such that g{t) > 1 - e/2 for aU t e [1 - 5q, 1]. Choose 5 
so that 5 < Let A, r, x, and y be as in the hypotheses. 

We first estimate T{yxy). We have r {yxy) + t (y (1 — x) y) = t (y^). By 
the condition on x and since y <1 implies (1 — .t)^^^ y^ (1 — x)^^'^ < 1 — a;, we also 
have 

T{y{l-x)y)^T({l~xf^y\l-xf^) <t{1-x)<8. 
Combining these two observations yields 

(3.20) T{yxy) = T(y2) _ T{y{l - x)y) > T{y^) - 6. 
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Now restrict r to yAy. Call the restriction f. Extend f to a trace r on 
yAy + CIa by t{1a) — \\f\\. This implies that 

(3.21) ||r|| = ||f||. 

Let fi be the measure on X — sj>{yxy) corresponding to the functional on 
C{X) defined hy h ^ T{h{yxy)) with the functional calculus evaluated in yAy + 
Cl^. That is j^hd^ — T(h(yxy)). 

The total mass of is ||f||. 

Let E =[\ — (5o, !]■ We compute 

r(2/2) -5< T{yxy) byS^Q] 

— / tdii{t) by the definition of fj, 

i[o,i] 

< {1 - 5o){\\t\\ - KE)) + f^iE) 
= {1-6o)\\t\\+SoKE) 

< (1 - So){T{y^) +6) + Son{E) by hypothesis. 

This implies 

r(2/2) -S-{1- 5o){Tiy^) + S) < SoKE) 
-2S + SoTiy^) + SoS < So^iiE) 

r{y')-'^ + S<f,{E) 

r{y^) -f< KE) 
r{y') -'-< fi{E). 

Since g{t) > 1 — e/2 for t £ E, hy using T{y^) < 1 for the last inequahty, 
we now get 

T{g{yxy)) = / g{t)d^.{t) 

> (1 - e/2)^Ji{E) 
>T{y^)-e/2~T{y^)e/2 + e/^ 
>riy^)-e. 

This completes the proof. I 

Lemma 3.7. Given any 6 > 0, there exists an rj > such that whenever A is a 
unital C* -algebra and y ^ A is a positive element of norm less than or equal to 1 
and T e T{A), with T{y) > \\t\^\\ - 77, then T{y^) > \\t\^\\ - 6. 

Proof. Apply Lemma 13.61 with e replaced by 6/2 and with g{t) = t^. Let 77 be 
the resulting value of 6. Without loss of generality, 77 < S/2. Let y <E A he a 
positive element with ||y|| < 1 be such that T((y-^/^)^) — T{y) > ||T|^j^|j — rj ~ 
\\'''\ yi/2Ayi/2 II ~ V- Then by the choice of rj using Lemma IXHl and letting a; = 1 and 
using y^/^ in place of y yields 
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T{y') > T(y) - S/2 
r{y')>\\r\^\\-S. 



This completes the proof. I 



Lemma 3.8. Let g : [0,1] —>■ [0,1] be a continuous function with g{l) = 1. For 
every e > 0, there exists S > such that whenever A is a unital C* -algebra, t is a 
tracial state on A, and x, y are positive elements of A with norm less than or equal 
to 1 satisfying t{x) > l — S and T{y) > ||t|^^^|| — S, we have T{g{yxy)) > T{y'^) — e. 

Proof. Let Si be the 6 obtained by applying Lemma 13.61 with e and g as given. 
Let 62 be the 77 obtained by applying Lemma 13.71 with S replaced by Si. Let 
S3 — TmTi{Si, S2}. If t{x) > 1 S3, then t{x) > 1 — Si, so the condition on x is 
satisfied in Lemma |3^ If 



by the choice of S2 using Lemma 13.71 Thus the condition on y in Lemma 13.61 is 
satisfied and therefore T{g{yxy)) > T[y'^) — e. I 

Lemma 3.9. Let g : [0,1] [0,1] be a continuous function with g{l) = 1. For 
every e > 0, there exists S > Q such that whenever A is a unital C* -algebra, t is a 
tracial state on A, and x, y are positive elements of A with norm less than or equal 
to 1 satisfying t{x) > 1 — 5 and T{y) > ||t|^^^|| — S, then T{g{xyx)) > t(jj) — e. 

Proof. Apply Lemma 13.61 with g and e as given to get Si > 0. Now apply Lemma 

13.81 with g{t) ~ t^ and Si in place of e to get S2. Let S3 be the S obtained from 

applying Lemma 13.81 with g as given and e as given. We may assume 83 < S2 < Si. 

The number S3 is the desired S. By the choice of S2 using Lemma 13.81 with 1 in 

place of y for any x satisfying t{x) > 1 — (52 we have 

T{g{yxy)) = T{g{x)) = t{x'^) > 1 — Si. So now if y is such that 

'^iv) > IMliA^W "^2 > \\t\:^\\ - S3, by the choice of S3 using Lemma [3i6] with y^/^ 

in place of y we have r (g > r (^{y^^^)^^ — £■ But by Lemma [3.51 

T (5 (y^/^x^y^/^)) = T{g{xyx)). Thus T{g{xyx)) > T{y) — e. Additionally, since 
t{x) > 1 - ^2 > 1 - <53 and T(y) > ||r|^|| - S3, we have T{g{yxy)) > T{y^) -e.t 

The following lemma is an analog for positive elements of Lemma 5.1 of 



Lemma 3.10. Let S > 0. There exists a continuous function g : [0, 1] [0, 1] such 
that g{0) = 0, g{l) = 1, and whenever A is a C* -algebra and a ^ A is positive 
with II a II < 1, then there is a positive element b G aAa with \\b\\ < 1 such that 
\\bg{a) - g{a)\\ < S and \\ab - b\\ < S. 

Proof. Choose to and <i with 1 — (5<to<^i <1 and let g : [0, 1] [0, 1] be a 
continuous function which vanishes on [0,ti] and such that g{l) — 1. Let ^ be a 



^(y) > Ikl^ll -<53 > \\r\^\\-S2, 



then 



r{y')>\\r\^\\'~Si 
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C*-algebra, and let a G A be positive with ||a|| < 1. Let h : [0, 1] [0, 1] be a 
continuous function which vanishes on [0, to] such that h(t) = 1 for i G [ti, !]■ 

For n sufficiently large, \\g{ay/"g{a) - g{a)\\ < S. So let b = .g(a)i/". 
Note that since ^(a)^/" is positive, (||5(a)^^"||)" = = li which implies that 

||(5(a))^/"|| = 1. From hg ^ g we have h{a)g{a) — g{a) and so h{a)b = b. Also 
\\ah{a) — h{a)\\ < S because |t — 1| < 1 — to < S whenever h{t) ^ 0. Accordingly, 
we have 

||a6-5|| = \\ah{a)b ^ h{a)b\\ < \\ah{a) - h{a)\\\\b\\ < 5, 
which completes the proof. I 

The next lemma is used repeatedly, but often implicitly in the proof of 
Lemma 13.121 

Lemma 3.11. If y and z are orthogonal positive elements of a C* -algebra A and 
w G Ay and x G zA, then wx — as well. 

Proof. We have wx = lim„^oo linim^oo wy^^"^ z^^™x = w • • a; = 0. I 

The following lemma is used in the proof of the main theorem, Theorem 
13.171 to simulate a decomposition of the identity into orthogonal projections. 

Lemma 3.12. Let e > 0. Suppose f*!, 62, ^3, ci, C2, C3 are positive elements of a 
stably finite unital C* -algebra A, and let a G A. Suppose: 

• &1 + &2 + ^3 = 1; 

• Ci + C2 + C3 = 1, 

• C*(&i, 62, 63, ci, C2, C3) is commutative, 

• bici = ci, 

• feaca = C3, 

• 62C2 = 62, 

• C162 = C362 = 0, 

• 61^3 = 0; 

• C2AC2 have stable rank one, and 

• bia = ab^ — 0. 

Then there exists an element ai G A such that ai is invertible and \\a — ai|| < e. 

Proof. Write 1 = ci + (6i— ci) + 62 + (fe3— C3) + C3. We wish to use this decomposition 
of the identity to decompose a. Therefore, make the following definitions: 



a3,i 


b2aci. 


03,2 = 


620(^1 - Ci). 


03,3 = 


62 0^2 • 


04,1 = 


(63 - C3)aci. 


04,2 = 


(63 - C3)a(6i - ci). 


04,3 = 


(63 - 03)062- 


05,1 = 




05,2 = 


C3a{bi - ci). 


05,3 = 


03062. 


Notice 


that X;i=3 Ej=i 


Let 
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Since 03,3 £ 62 ^^2, there is an invertible element to e 62^^2 + Cl^i with 

(3.22) Po-a3.3ll<^. 

Write to = ti + XiIa with ti G b2Ab2 and Ai £ C. We can also express to^ as 
t2 + Xi^Ia with t2 G hAb^. 
Next we show that 

(3.23) ((as.i +04.1 +a5.i)V^)^ = 0- 
We note that 

(03,1 + 04,1 + 05,1)^0 = (03,1 + 04,1 + a5,i)(ii + Ai) = (03^1 + 04^1 + a5^i)Ai. 
Therefore, 

(03,1 + a4,i + 054) = (03,1 + a4,i + 054)^0^0 ^ = (034 + 04,1 + a5,i)Aito ^ 
This implies 

((a3,i + a4,i + a5,i)^(7^)^ = («3.i + 0,4,1 + a5,i)^^r^ = 0- 
Now we compute 

(034 + a4_i + a5,i + to) to ^ (1 - (a3,i + 04,1 + a5,i) V^) 
= (03,1 + a4,i + 05,1) ^0 ^ - ((^3,1 + 044 + 054) f^^Y 
+ 1 - (034 + 044 + as^) t^^ 

(3.24) = 1. 

Because A is stably finite this is enough to show that 034 + 044 + a^^i + tg 

and 

t^^ (1 — (034 + 044 + 05,1) ^) are mutual inverses. 
Next we multiply 

(1 ^ ("^34 + 044 + 054) V^) 

■ (034 + ^3,2 +to + a44 + 04,2 + 04,3 + ^54 + 05,2 + 05,3) 
= 1 + t(7^ (1 - (a3,i + 04,1 + 054) to ^) 

(3.25) • (03,2 + 04,2 + 04,3 + 05,2 + 05,3) • 

Using our expression for t^^ we can compute 

((034 + 044 + 054) t(7^) ^3 = (a3,i + a4,i + 054) {t2 + X^^) 63 = 0. 

To get the last equality we used Lemma 13.111 twice . once with y = ci and z = 63 
and once with y = ci and 2 = ^2- 
Similarly, 

(034 + «44 + 054) V^^2 = (034 + 044 + 05,1) (t2 + Aj^^) 62 = 0. 

Notice that the previous two computations imply 
(tts^i + 04,1 + a5,i)io ^C3 = and (03,1 + 04,1 + 05,1)^0 ^(63 - C3) = 0. 
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Continuing our computation, we see the last expression in Equation 13.251 
is equal to: 

1 + (^o""^ ^ ^o""^ («3,1 + 04,1 + as.l) *0 (°^3,2 + 04^2 + 04,3 + 05,2 + 05,3) 
= 1 + ((^2 + ^ ("^3,1 + 04,1 + 05,1) (03,2 + 04,2 + 04,3 + 05,2 + 05,3) 

= 1 + ^203, 2 + ^204, 2 + ^204,3 + ^205, 2 + ^205, 3 

- ta^{a3,i + 04,1 + 05,1)^^^3,2 

- V^("3,l + 04,1 + 05,i)tg"^(a4,2 + 04,3) 

- V^(03,l + 04,1 + 05,i)tg"^(a5,2 + 05,3) 

= 1 + t2a3,2 + ^204,2 + ^204,3 + Aj"^a3,2 

(3.26) 

+ Xi ^a/i^2 + -^1 ^04,3 + ^0.^,2 + Xi "'^05,3. 



Let tz = ^204, 3 + 1. Notice that G &2^&2 + CIa since t2 G b2Ab2 and 
04,3 G (63 — €3)^62. Thus there is an invcrtible element ^4 £ 62 ^&2 + 'CIa with 

(3.27) \\ti~t3\\<6. 

Write t4 = t^ + X^lA with G 62 ^&2 and A5 G C. Similarly, write t^^ = te + X^^Ia 
with tQ G 62^162. 

Using the same argument used to show Equation 13.231 we can show that 
(i4i(Ar'a5,3 + Ar'o5,2))'=0. 

A similar computation to the one for Equation 13 . 241 gives 

(3.28) (1 - t4 i(Ar'a5,3 + A-ia5,2))ir' = {X^^a-^.^ + Ar'05,2 + 

Also notice (l - t^^ (A;f ^a5,3 + Aj"^a5,2)) = t^^-t^^ {X^^a^^s + X^^a5,2) 
Next we show bit^^ {X^^ac,^ + Xi^a5 2) — 0. By applying Lemma 13.111 
since Iq G 62A62, bi G biAbi, and 05^2 + 05,3 G C3A, we have 

bit^^ (•^]'^"5,3 + ^7^05^2) 

= ^1*6 {K^"-5,3 + K^a5^2) + biX^^ (A7^a5_3 + Aj;^a5,2) 

(3.29) = 0. 

Similarly, b2t^^{Xi^a5_3 + Xi^ac,2) = 0. These two also imply that 
(61 - ci)t^^{Xi^a5^3 + Xi^a5^2) = and cit^^iX^^a^^s + Xi^a5^2) = 0. 
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Now 

(^203, 2 + ^204,2 + ^4 + ^1^0,3^2 + >^i^ai.2 + + + ^1^0,5^3) 

■ [{l-t^' (Ar'a5,2 + Ar'a5,3))ir'] 

= 1 + ^2^3, 2^4 + ^2^4, 2^4 + ^3,2^4 + ^4,2^4 + ^4,3^4 

— ^20.3, 2^4 ^i^i ^^5,2 + ^0'5,3)t4 ^ ~ ^2^4, 2^4 ^ i^i ^0,5,2 + ^0-5,3)^4, ^ 

~ ^^3,2^4 ^ {^i ^^5,2 + ^'^5,3) ^ ^1 ^^4,2^4 ^ (A^ ^05,2 + ^0-5, 3) ^4 

— \ ^14,3^4 ^ (^1 ^05,2 + ^^5,3) ^4 ^ 

(3.30) 

= 1 + ^2^3, 2^4 "'^ + ^2^4, 2^4 "'^ + Aj^ "'^03,2^4 "'^ + Aj^ ^04,2^4 "'^ + Aj^ ^^4,3^4 "'^ ^ 

by Equation 13.291 and the statements that foUow it 

= 1 + t2a3,2t& + ^2^4, 2^6 + Aj^ ""^03,2^6 + ""^04,2^6 + Aj^ ""^04,3^6 

+ ^2Q'3,2A5 ^ + i2a4,2A5 ^ + Aj^ ^Cl3,2A5 ^ + Aj^ ^Cl4,2A5 ^ + Aj^ ^a4^3A5 ^ . 

Denote the quantity just computed by t^ and notice that 



tj G - Ci) + 62 + (&3 + C3))A((6i - Ci) + 62 + (&3 + C3)) = C2AC2, 

which has stable rank one by hypothesis. 

Thus there exists an invertible element is S C2AC2 + CIa such that 

(3.31) \\ts - trW < J—, 

\W 0,5,2 + \ 05,3 + ^411 + 1 

Now 

[tp ^ (1 - (03,1 + a4a + 054) *0^)] ^ *8 [(1 - (A7 ^5^2 + A;^^a5,3)) ^4 ^] 

= (a3,i + a4,i + 05,1 + ^o) h (A7^a5_2 + A7"^a5,3 + t^) 
is invertible, and as we will now compute, 

\\a - (03,1 + a4,i + a5,i + io)i8(Ar"^a5,2 + A];^a5,3 + t4)|| < £■ 
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We have 

\\a - (03,1 + a4,i + a5,i + to)ts{Xi^a5^2 + ^1^0,5^3 + ti)\\ 

= \\a3,i + 03,2 + 03^3 + 04,1 + 04,2 + 04,3 + a5,i + as, 2 + 05,3 

- (034 + 04,1 + 05,1 + to)ts{\i^a5^2 + >^i^a5^3 + ti)\\ 

< \\a3.3 - toll 

+ 11(03,1 + a4,i + a5,i + ^o)V^(l ~ ("3,1 + 04,1 + a5,i)t(7^) 

■ (a3,i + 03,2 + ^0 + 04,1 + 04,2 + a4,3 + 05,1 + 05,2 + a5,3) 

- (03,1 + 04,1 + 05,1 + to)^8(Ar^a5,2 + Xi^a5^3 + ti)\\ by Equation [3J4| 

< <^ + ||a3,i + 04,1 + a5,i + <o|| 

• ||1 + ^203, 2 + i2a4,2 + ^204,3 + Aj"-^a3,2 + A;f ^04,2 + Aj"^a4,3 

+ Aj;^a5,2 + Xi^a^.s - ^{^^0.5^2 + >^i^a5,3 + U)\\ 
by Equations 13.251 and 13.261 

<S+ ||a3,i + 044 + 05,1 + <o|| 

• ||1 + t2a3,2 + i2a4,2 + ^204,3 + Ai'^a3,2 + A]^^a4,2 + A]^^a4,3 + Aj^^a5,2 + ^1^0,5^3 

- (^203, 2 + ^204,2 + ^4 + A]^V3,2 + A]^^a4,2 + Aj^^a4,3 + Xi^a5^2 + A]^^a5,3)|| 
+ ||a3,i + a4,i + 05,1 + ^oll 

■ 11(^233,2 + ^204,2 + ti + 0-3,2 + >^i^a4.2 + ^1^04^3 + >^i^a5,2 + K^'^5,3) 

■ (1 - t4r^(Aj;^a5,2 + Aj;^a5,3))t4 ^(Aj;^a5,2 + >^i^a5,3 + U) 

- i8(Ar^a5,2 + Aj;^a5,3 + ti)\\ by Equation[32a 
<S+ ||a3,i + 04.1 + 05,1 + <o||||l + ^284, 3 - ^411 

+ ||a3,i + a4,i + 05,1 + toll 

• ||1 + ^233, 2^4^^ + ^284,2^4^^ + Xi^a,3^2t^^ + \i^ai^2t^^ + Xi^ai,3ti^ - tsW 

■ ||A^^a5,2 + Aj^^a5,3 + t4|| by Equation 13.301 
<S + (5||a3,i + 04,1 + 05,1 + toll 

+ ||a3,i + a4,i + a5,i +to||-n--ri r^i 71 -||Ar^a5,2 + Aj;^a5,3 + t4|| 

||Ai 05,2 + A;^ 05,3 + t4|| + 1 

by the choice of t4 and tg 
<S + 2(5||a3,i + a4,i + 05,1 + a3,3|| + 2(5||a3,3 - toll 

< e/2 + 2e/6 + 25^ 

< e. 

This completes the proof. I 

Lemma 13.131 uses Lemma 13.121 to produce a simpler replacement for the 
decomposition of the identity into orthogonal projections. 

Lemma 3.13. Let A be a stably finite unital C* -algebra, let e > be given, and 
let x\, X2, X3 € A be positive elements such that xi +0:2 +X3 = 1 and X1X3 = 0. Let 
a £ A be such that 
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xia = 0, ax3, = 0, and X2AX2 has stable rank 1. Then there exists an element 
fli G A such that ai is invertible and \\ai — a\\ < e. 

Proof. It suffices to show that the hypotheses here imply the hypotheses of 13.121 
Let / : [0, 1] -> [0, 1] and h : [0, 1] [0, 1] be defined by the formulas 

and 

hit). 

It is clear that fh — f. Now set hi = h{xi)^ ci — f{xi), = h{x^)^ C3 — f{x^), 
i>2 = f{x2), and C2 = h{x2), all of which are positive. 

Note that the formulas Ci6i = ci, C363 = C3, and 02^2 ~ ^2 all hold. Since 
xix^ = 0, we have 6163 — h{xi)h{x^) — 0, and so also C163 = = 61C3. Similarly, 
xia = and 0x3 = imply that 61a = h{xi)a — and ab^ — ah{x^) = 0, and these 
in turn imply that cio = and ac3 = 0. 

Also, and C2AC2 have stable rank one because they are hereditary 

subalgebras of X2Ax2- 

Then since C* (xi, a;2, 2:3) is commutative, C* (/(xi), f{x2), f{xz), h{xi), h{x2), h(x^)) 
is commutative, hence is isomorphic to C{Y) for some compact Hausdorff space Y . 
One can check that Ci +C2 + C3 = 1 since ci and C3 are orthogonal and + = 1 
for all t. Similarly, 61 + 62 + 63 = 1. I 

Lemma 3.14. Let A be a simple, unital C* -algebra, and let a,b G A^ with \\a\\ = 
||fe|| = 1. Then there exists c G A^ \ {0} with \\c\\ < 1 such that c < a and c ^ b. 

Proof. Since A is simple and a, 6 G ^ are nonzero, by Proposition 1.8 of [3J there 
is a nonzero y G A such that yy* G aAa and y*y G bAb. Without loss of generality 
we may assume that ||yy*|| < 1, and so yy* < 1. Set c = a^^'^yy* a^/"^ . Set 
z = (a^/^y)*, and choose < /3 < 1. Then, z* z < z*z, so by Proposition 1.4.5 of 
p] there is w G ^ such that z = u{z*z)'^/'^. Note that [u(z*z)^/2](z*z)^/2(u*) = 
[u(2:*z)^/2][u(0*z)/5/2]* = zz*, and SO zz* 4 {z*zfl'^. But since f{i) = t and g{t) = 
t^ are zero on the same set, z* z ~ {z*z)^ by Lemma 12.41 Therefore zz* ^ z*z. 
Symmetrically, z*z =4 zz* . This implies zz* z*z. 

Note that y*ay < y*y G bAb, so y*ay G bAb. Therefore, y*ay =^ 6 by the 
second paragraph of section 1 in [4J. Combining this with c = z*z ~ zz* = y*ay 
yields c ^ b. Furthermore, yy* < 1 which implies c — a^/'^yy* a^/"^ < a. I 

Lemma 3.15. Let A be a simple unital infinite dimensional C* -algebra. Let 
ai, a2, as, a4 G A satisfy a^ai+i = a^+i, for i = 1,2, and 3, and < ai, 02, 03, 04 < 
1. Also assume that at least one of ai,a2, and a^ is not a projection, or that ai, 02 
and 03 are not all equal. Then T(ai) > lim„^oo ^((04)^^") for any tracial state r 
on A. 

1/2 1/2 

Proof. Notice that we have = a^_^aia,-_^ < a,;_i for i ~ 2,3 or 4. Thus, 
T(a4) < T(a3) < T(a2) < T(ai). 

We first show that T(ai) > T(a3). Since we have already observed that 
T(ai) > T(a3), we only must show that they are not equal. Suppose T(ai) — T(a3). 
Then T(ai — 03) — 0. The hypotheses on A imply that r is faithful, so ai — 03. 
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But this means that 0102 = 0,2 and 0102 — 0302 = 03, so a2 — a3 as well. If ai, a2, 
and 03 are all distinct then this is a contradiction already. Otherwise, we now see 
ai = 02 = aia2 = a^, so oi is a projection, but since all three are equal, we now 
see that a2 and 03 are also projections, which is a contradiction. 

Now because 0304 = 04, we also have a^a^^"" — a^J"' for any n. Using a 
similar argument to the one used in the first paragraph this implies that T{a\^^^) < 
T{a3) for all n. Thus, limn^oo T{a]/^) < r^a^). Therefore, T(ai) > r(a3) > 
lim„^ooT(ay"). I 

The following theorem is an analog of Lemma 5.2 of [llj with projections 
replaced by positive elements. 

Lemma 3.16. Let A be an infinite dimensional stably finite simple unital C* - 
algebra. Suppose that every 2-quasi-trace on A is a trace. Also suppose A has finitely 
many extreme tracial states and that A has strict comparison. Let a : G — > Aut(A) 
be an action of a finite group with the projection free tracial Rokhlin property. Let 
B = C*iG, A, a). Suppose gi, . . . , 5„ £ B are nonzero positive elements of norm 
at most one and ai, . . . , a„i G B are arbitrary. Let e > and N G N U {0}. Then 
there exist a subalgebra D C B isomorphic to a matrix algebra over a hereditary 
subalgebra of A, a positive element d € D with \\d\\ < 1, nonzero positive elements 
rk^i & dDd of norm at most 1 for i = 0, . . . , N and k = 1, . . . , n, and elements 
hi, . . . ,bm € B such that the following conditions are satisfied. 

(1) \\qkrk,N - rk,N\\ < e for all k ^ 1, . . . ,n. 

(2) 1 — d =<; rfe jv for all k = 1, . . . , n 

(3) rk,irk,i+i = rk,i+i for all k = 1, . . . ,n and i = 0, . . . ,N. 

(4) rkfld = rufi for all k = 1, . . . ,n. 

(5) \\aj — bj II < e for all j — I, ... , m. 

( 6) dbjd e dDd for all j — 1, . . . , m. 

Proof. By rescaling, we may assume that ||gfc|| = 1 for 1 < fc < n. Let ei = e/6. 
Let hi : [0, 1] [0, 1] be the continuous function which has hi{0) — 0, hi{t) = 1 
for t G [1 — £1,1], and is linear on [0,1 — £1]. Let /12 : [0,1] [0,1] be the 
continuous function with h2{t) = for t £ [0, 1 — £1], linear on [1 — £i,l], and 
^12(1) — 1- Set (/j.i ~ hi{qj) and Wj — h2{qj). Note that \\qj — qj.i\\ ^ £i- Set 
A — mini<j<„ inf.reT(B){'''(''^i)}- Note that A ^ since T{B) is compact and B 
simple implies T{wj) ^ for each r and Wj. 

If h is any continuous function which has /i(l) — 1 and < h < 1, then 
T(/i(gj,i)) > T{wj), thus we have 

(3.32) r(/i((7,- 1)) > A. 

Apply Lemma 13.101 with min{£/12,A} in place of d to get a continuous 
function g : [0,1] [0,1]. Let £2 < A/4. Now apply Lemma [2.121 with g as just 
obtained and with £2 in place of e to get 62. 

Let £3 < min{£/24, S2, A/8}. Then choose £4 < £2 such that if x, y are self 
adjoint elements of B, with ||a:||, \\y\\ < 1 and \\x — j/|| < £4, then ||a;+ — < £3. 
Without loss of generality, we may assume that £4 < 2max -'j|a -||+i ' 

Choose £5 < minj^, \ — n-TTi ti ^1- Define the continuous function 

/i to be zero at zero, 1 on [1 — £5, 1] and linear on [0, 1 — £5]. For i = 2, ... ,5, 
define fi to be the continuous function which is zero on [0, 1 — £5/(2*^^)], linear on 
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[1 - £5/(2'-2), 1 - £5/(2'-!)], and one on [1 - £5/(2^-^), 1]. Note that /1/2 - /2, 
/2/3 = /a, etc. and ||/ i - ^| | < £5. 

Apply Lemma 12.131 with e replaced by £3 and with / replaced by f^, to get 
£6 such that ||[a;,y]|| < Eq implies || [/4(2/), x] || < £3 if sp(j/) C [0,1] and ||a;|| < 1. 

Apply Lemma 13.91 with g as defined above and with £2 in place of e to get 

£7. 

Let fi-rj be the measure obtained from r on sp(gj). For each extreme 
tracial state r choose £^{T,j) such that £i/2 < es{T,j) < Si and such that ^J.T.j{[^ — 

£8(t,j),1]) </i^j([l-£l/2,l])+£7. Let 

£§ = min{£8(T, j) : r is extreme in T{A) and 1 < j < m}. Since there are only 
finitely many extreme tracial states, this minimum is achieved. Furthermore, note 
that £1/2 < £§ < £1 and 

(3.33) - £8, 1]) < m([1 - £1/2, 1]) + £7- 

Define a continuous function ^,3 such that /i3(t) = for t G [0, 1 — £8], ft-3(i) = 1 for 
t G [1 — £1/2, 1] and hs is linear on [1 — £§, 1 — £i/2]. Notice that h^hi = /13. Let 
qk,3 = hslQk). Choose M with -j^ < min{A/8 - £3,e7}- 

Apply Lemma [3.41 with F — {gi,3, . . . qn,3, oi, ■ • ■ , am}, with min{£4/2, Eq} 
in place of £, and with AI in place of N, to obtain positive elements c^^-* G B and 

c"il G A, a subalgebra D C c^^^Bc^^) and an isomorphism <i> : Af„ ® c^'^jAc^^^J — » D 
such that there exist elements xi, . . . , x„, ei, . . . G D with 

• l|c^"^^9j,3C^"^^ — XjW < £4/2 for all j = 1, . . . n by part 3. 

• ll^^jll ^ Ikj.all = 1 for all J = 1, . . .n by part 3. 

• Wd^^Qkc'^^^ — efcll < £4/2 for all fc = 1, . . . m by part 3. 

• l|c^"^'''?j,3c''"^'' — XjW < £4/2 for all j = 1, . . . n by part 3. 

• \\c''^\j,3 — 9j,3c'"'^-' II < £6 for all j = 1, . . . n by part 5, and 

• t(1 - c(i)) < ;p- by part 6. 

Set = /i(c(i) ),..., rf(5) = /5(c(i)). We have - c^^M\ < £5- Also, 
^ ^{2}^ _ ^ (i(4)d(5) ^ (i(5). Notice that since 1 - /2(i) is zero on a larger set 
than 1 — t, we have 1 — d^^^ =^ 1 — c*^^^ by Proposition 12.41 Similarly, we have 

1 - ^ 1 _ d(3) ^ 1 _ rf(4) ^ 1 _ ^(5) ^ ^ _ ^(1)^ 

Now 

|M(l)g,,3d(l) -:r,|| < |M(i)g,,3d(^^ " d(^^g,,3c(^) || + Wd^'U^.sC^'^ ^ c('^q,,,c^'^\\ 
+ ||c«g,,3cW-x,|| 

< 2£5 + £4/2. 

Similarly, \\S'^^ajd^^'> - ej\\ < (2£5 + £4/2)||aj||. 

Set d = ^ _,_ ^. _ d(i)ajd(i). Then 

||6,-a,|| = ||e,-d(i)a,d(i)|| < (2£5+£4/2) ||«, II < (j ^ , + t < £■ 

V4maxfc ||afc|| + 1 4maxfe ||afe|| + 1/ 

Also, dbjd = dcjC? G dDd. These are parts (5) and (6) of this lemma. 
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Notice that ^d^^'>{xj + x*)d^^'> g d(3)£)d(3) C dDd C -D is a self adjoint 
element of norm at most 1. We compute 



[Xj + X,j 



< 



< 



d(^)gj-3d(i) -Xj 



< 265 

< £4- 



£4/2 



Thus, since d'^^)^^. 3(^(3) > ]-,y ^j^g choice of £4, we see 
{^d^^^Xj+x*)d^^^)+ is a positive element of dDd with ||d(3)g^. 3C?(3) <- 
Now by the choice of g using Lemma 13.101 there exists a positive element 
of norm at most 1, Sfe G VkDyu C d^'^^Dd^'^^ C D such that 

(3.34) \\sug{yk) - 9{yk)\\ < min{£/12, A/4} and Hs^yfe - Sfe|| < min{£/12, A/4}. 
Let Tk = Skd'^-^\ Note that rk £ d^^'>Dd(^\ so 

(3.35) drk = d^'Vfe = rk. 
" - .. ''Jqj._3|| < eg, we 



Using the choice of £5 in the last step since ||gfc,3c(^^ — c^^^c 
see that 

+ Wskd^'Uk.^d^'^d^^^ - .,d(3)dWgfc,3|| + Pfcd(3)d(^)gfc,3 - Skd^'^qkMl 

< £/12 + 2£3. 

Furthermore, 

\\rkqk -?'fc|| < Ib'fegfe -T-fe^fc,!!! + WrkQk.i -rkQk.sqksW + hkQk.sqks -rk\\ 

< £1 +2(£/12 + 2£3) 

(3.36) < £/2. 

Define h to be the continuous function which is on [0, £3], linear on [£3, 1], 
and 1 at i = 1. Notice \\h{t) — 1\\ < £3 so ||r, — /i(?'fe)|| < £3- Now define continuous 
functions Hk = Hj^^j for j = l,...,iV by H^-j is on [0,£3(1 — ■^)], hnear 
on [£3(1 — -^),£3(1 — ^j^)] and 1 on [£3(1 — '^^),1]. Set Hjq — h. Notice that 



H 



j+i- 



Define j = Hj{rk). Thus, rkjrkj+i = rkj+i- This is part (3) of the 
lemma. Now, by Equation [333 we have dr, = r,, so since H]s[{0) = 0, we also get 
drk,N = Tk,N which is part (4) of the lemma. 

To obtain part (1) of the lemma we compute 

hk.Nqk - rk,N\\ < \\rk,Nqk - rkqkW + \\rkqk - '"fcll + Ikfe - rfe,Ar|| 

< 2£3 + - by equation 13.361 

< £. 

Thus (1) is proved. 

It remains only to prove part (2). Since A and hence D have strict com- 
parison we will begin by looking at traces. 
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We observe that 

(3.37) (1 - - d^'^-i)) = 1 - S''^ - d^'^-i) + rfC^^dC^'-i) = 1 - rf^'^-i). 
Now for any r £ T{A), 

T ((l - dW) giy,)s, (l - - r ((l - (l - d^) g{y,)s,) 

<r(l-c«) 
1 

But on the other hand 

r ((l - 5(yfe)sfe (l - d^'')) - T (5(2/fe)sfc - d^^^g{yk)sk ~ g{yk)skd^'>^ + g{yk)skd^'^ d^^^) 

= T (^giyk)sk - g{yk)skd'-'^^'j 
= T{g(yk)sk -giVkVk)- 

Therefore, 

(3.38) T{g{yk)sk ~ g{yk)rk) < j^- 

If 2 £ qk,3 Dqk,3 and ||z|| < l,thenr(2:) < ^([l-e8,l]) < ^([l-£i/2, l])+£7 
by Equation [3^ Thus 

(3.39) ll^l^-^D^II - ^7 < r(g,- 3). 
Next we get a lower bound on T{rk,N)- We have 

T{rk,N) > T{rk) - £3 

> T {9{yk)rk) - £3 

> T {g{yk)sk) ~ i/M - £3 by[S35] 

>r(.g(yfe))-A/4-l/Af-£3 by[3Jl 

> r (5 ^^(3)^^ _ _ _ ^/^j _ gij^^g II 5^-3^(3) _ y^.|| < £3 < 

We can improve on this, because Equation 13.391 and t(1 — d^^^) < t(1 — 
c^^)) < 1/M < £7 together imply r (g (d^^^qj^sd^^))) > r(gj,3) - £2 by the choice of 
£7 using Lemma So now we get 
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Tirk,N) > T (g 3^(3))) - £2 - A/4 - 1/M - eg 

> T (g^- 3) - £2 - £2 - A/4 - 1/M - £3 

> A — 2£2 — A/4 — 1/Af — £3 by Equation 13.321 with /13 in place of h 

> A/8 - £3 

> 1/M 

>t(i-c(i)) 
>r(l-d(^)). 

If at least one of 1 — d'^^'> , 1 — , and 1 — d'^^ is not a projection, then we 

have 




for every r e by Lemma [3. 151 

We can reach the same conclusion if all three of them are projections. 
First notice that by definition of the functions, < 1 — f2{t) < i — fsit) < 1 for 
all t. But this implies that < 1 - /2 (c^^^) < 1 - /s (c^^^) < 1, which means 
that < 1 - < 1 - d^^'^ < 1. By using Proposition 1.3.8 of [12] to get the 
inequality and the fact that 1 — d'^^ is a projection to get the equality we see 

that (1 - d^'^'^Y^"' < (1 - d'^))^^" = 1 - d^^) for any positive integer n. Therefore, 

lim_r((l-d(2))'/") <r(l-d(5)). 

Either way, combining the estimate on r(l — c?*^^^) and the estimate on 
T{rk,N) gives 

T{rk,N) > T (1 - > Jiirn^T (^(1- d^^'>y^"^ . 

This implies 




for every t G T{A). Because A, and hence D, has strict comparison, we now can 
conclude that 1 — d'^' ^ rk^N which is part (2) of the lemma. I 

The following theorem is the main theorem of the article. It is a projection 
free, finite group analog of Theorem 5.3 of [ITj . 

Theorem 3.17. Let A be an infinite dimensional stably finite simple unital C* - 
algebra such that all 2-quasi-traces are traces, and with only finitely many ex- 
treme tracial states. Assume A has stable rank one and strict comparison. Let 
a : G — > Aut(A) be an action of a finite group with the projection free tracial 
Rokhlin property. Then B = C*{G,A,a) also has stable rank one. 

Proof. Note that B has a faithful tracial state, so every one sided invertible element 
is invertible. Now, Theorem 3.3 (a) of [Hj states that if the two sided zero divisors 
of B are contained in the closure of the invertible elements, then the complement of 
the invertible elements consists of those elements of B which are one sided, but not 
two sided invertible. Combining these two statements would give B \ GL{B) ~ 
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which means B has stable rank one. Therefore, it is sufficient to prove that for 
every two sided zero divisor a G B and every e > 0, there is an invertible element 
of B within e of a. Without loss of generality, ||a|| < 1/2 and e < 1. 

Now suppose x,y e B are nonzero and satisfy xa — ay ~ 0. Since 
||a;*a;||~"'^a;*a::a = o,yy*\\yy*\\^^ ~ we may assume that x and y are positive el- 
ements of norm 1 . 

Let di ~ min ^^j, ^PP^'^ Lemma [3. 161 to the positive elements 
X and y in place of gi, . . . , g„ and the element a in place of Oi, . . . , a^, with = 1 
and with Si in place of e. Call the resulting subalgebra ^o- Let po be the resulting 
positive element d. Let xq^Oj a;o,i, 2/o,Oj and yo.i be the nonzero positive elements of 
norm one r^^i. Let oq be the resulting element bi. 

Define a 1 = (1 — 2^0,0)00(1 — 2/o,o)- Note that a;o,iai — (xo,i — 0:0,12:0,0)00(1 — 
yo,o) = and similarly, ai?/o,i — 0. Next we wish to show that ai is near a. Since 
||a|| < 1/2, we have 

Iko.ofloll < 112:0,0 II Iko - a|| + Iko.o - a;o,oa::||||a|| +0 

< 2Si. 

Similarly ||aoyo,o|| < 2Si. 

Now we can compute 

||a - aill < \\a - ao\\ + \\ao - (1 - a;o,o)ao(l - yo,o)|| 

< ^1 + ||ao2/o,o|| + lla^o.oaolllll - VofiW 

< 76i. 

Now apply Lemma l3. 141 with xq^i in place of 6, and ?/o,i in place of a. From 
this lemma we get a positive nonzero element r of norm at most 1 with r < xq.i 
and r ^ yo.i- 

Choose 62 < 2Si. Since ^0 is is stably isomorphic to A, Theorem 3.6 in [18] 
implies that the stable rank of Aq is one. Thus for fs^ as defined in Definition 12.21 
by Proposition l2. 31 there exists a unitary v G U{A'^) such that v* fs2{r)v S j/o,i^?/o,i 
where is the unitization of ^o- Set ri — f5^{r). 

Next we prove that aiv* is a zero divisor. We have 

||aiti*ri|| lim \\aiyy^v*riv\\ ^ Q. 

n — >oc ' 

Therefore, (aiv*)ri = 0. On the other side we see that, since r < 2:0,1, the elements 
r and thus ri are in the hereditary subalgebra generated by 20,11 so 

ri{aiv*) = lim ri (2o,i)^/"aii;* = 0. 

Let = min{^, ^^j} Apply Lemma 13.161 with the positive element of 
norm one ri in place of qi, . . . qn, and with aiv* in place of ai, . . . , Use 5j, in 
place of e and N = 1. Call the resulting algebra A2. Let p2 be the resulting positive 
element of A2, Let the resulting positive elements rk^i of norm at most 1 be called 
2:2,0 and X2,i, and let the resulting element bj be called 02. 
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Define as = (1 — a;2, 0)02(1 — X2,o)- Then 0:2,103 = 03X2,1 = 0. Next we 
compute the norm of ||a2||. We have 

||a2|| < ||a2 - aii>*|| + ||ait;* - av*\\ + \\av*\\ 

<S3 + 7Si + 1/2. 

Now in order to estimate \\a2 ~ 03 1| we bound 11x2,002 1|- We have 

||a;2,oa2|| < ||a;2,0O2 - a;2,oOiu*|| + ||a;2,oOiu* - X2,oriOiw*|| + ||x2,o»'iOiu* || 

< 53 + '53||oi|| 

<^ + 7<535i. 

Similarly, ||a2X2,o|| < ^ + 

Next we can estimate ||a2 — 03II. We have 

||o2 - 03II = ||a2 - (1 - 0:2,0)02(1 - 2:2,0)11 

< 1102X2,0 + a:;2,oa2 - a::2,oa2a;2,o| 

< I|o2a;2,o|| + 11X2,00211 ||1 - X2,o|| 



<^ + 7<53<5i+2 
= ^ + 2lM3. 



— + 7d3di 



The conclusion of Lemma 13.161 gives us that X2,oP2 = 2:2.0 • Thus 



^203^2 



1/2 /, N / 1/2 l/2\ /, N 1/2 

P2 (1 - 2;2,o) (^P2 «2P2 J(l-2;2,o)P2 • 



Now (P2 02^2 ) G P2^2P2, and 1 - X2,o e p2^Jp2- Therefore, P2O3P2 e P2^^P2- 
With as defined in 12.21 choose ^4 so that ( 1 — P2 ) 7^ . Note that 
this is possible unless sp(l — P2) = {0} in which case p2 = 1- If this occurs, then 
P2^2P2 = which has stable rank one. Then we can approximate ai by an 
invertible element and be finished with the proof. Therefore, we may assume that 
we can choose such a (54. 

By the conclusion of Lemma |3.16[ we have 1 — P2 =5! a^2,i- Thus by Propo- 
sition [2?3] there exists a unitary u S C/(Aj) such that ufs^{l ~ P2)u* S X2, 1^^x2,1. 
Then, since X2, 0^:2,1 = X2,i and ufs^{l ~ P2)u* G X2, 1^^x2,1, we have 

a;2,0U/<54(l -P2)u* = ufSi{l -P2)U* = ufs^{l -p2)u*X2,0. 

Thus 

ufsA^ -P2)u*{a3u) - Ufs^{l -p2)u*{l - X2,o)o2(l - X2,o)w = 

and similarly, {a3u)fsi{l — P2)u* = 0. This implies 03^/5^(1 — P2) = 0. 

Next we observe that ufs^{l ~ P2)u* and 7^4(1 — P2) are orthogonal. First, 
using X2fiX2,i = X2,i again we see 

[u{l - P2)U*]{1 - P2) = w(l - P2)u* (X2,0 - X2,0P2) = 0. 

Therefore, for any continuous function / with /(O) = 0, we have u/(l — 
P2)u* is orthogonal to /(I — ^2)- In particular, ufs^^l — P2)u* is orthogonal to 
fsA^-P2)- Set xi = ufs^il-p2)u* and X3 = fsJ^P2)- Set X2 = 1 -xi -X3. Note 
that 0<X2<1. Our goal now is to use Lemma [3.13l with these choices of xi , X2 , and 
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X3 and with a replaced by a^u. We have aheady shown that xiasu = asuxs = 0. 
We must show that X2 S P2^2^P2- 

First we show that 1-/54(1—^2) £ P2^2P2- Observe that 1 — (1 — ^2) = 
P2 € P2^2P2- Also, since 1 andp2 commute, using the binomial expansion theorem, 
we can show that 1 — (1 — P2)" G P2^2P2- In fact for any polynomial with /(O) = 
and /(I) — 1, we have 1 — /(I — P2) G P2^2?'2- Since fs^ is the limit of such 
polynomials, I - fs^[l - P2) ^ P2A2P2- 

Next recall that ufs^{l — P2)u* G ^2. 1^^x2,1 C . Additionally, 

lim pl^^ufs^il -P2)u* = lim lim pl^^'xl^l^ufs^il - P2)u* = ufs^i^ ~ P2)u* ■ 

n — >oo n — >QC m — >oo ' 

A similar computation works on the other side, so we see that 
ufsii^ - P2)u* G p2A^p2. This implies that a;2 = 1 - ufs^{l - p2)u* - fs^{l -P2) G 
P2A2P2 which has stable rank one because A2 is isomorphic to matrices over a 
hereditary subalgebra of A. 

Now we may apply Lemma 13.131 with xi,X2, and 3:3 as above, with A 
replaced by A2 , with a^u in place of a, and with e/44 in place of e. The lemma 
gives us an invertible element 04 G A2 with ||a4 — a3u|| < e/44. Then a4U*v is 
invertible and near a. More specifically, 

1104^*1; - a\\ < ||a4U*t; - a3t;|| + \\a3v - a2v\ + ||a2'y — ai|| + ||ai — a|| 

< e/44 + ^ + 21(5i(53 + ^3 + 76^ 

< e. 

Therefore, C* (G, A, a) has stable rank one. I 

4. COMMENTS ABOUT THE DEFINITION 

In the cases under consideration in this paper, the definition given for the 
projection free tracial Rokhlin property worked well. However, in more general 
contexts more conditions may be needed. This is similar to the situation which 
occurred in the presence of projections. See, for example. Lemma 1.12 of [17j . 

Definition 4.1. Let A he an infinite dimensional unital simple C* -algebra. Let 
a : G ^ Aut(A) be an action of a finite group G on A. We say a has the strong 
form of the projection free tracial Rokhlin property if for every finite set F <Z A, 
every e > 0, and every positive element x £ A with \\x\\ = 1, there exist mutually 
orthogonal elements ag £ A for each g £ G with < Og < 1 such that: 

(1) \\ag{ah) - ag/i|| < e for all g,h G G. 

(2) \\agh - bagW < e for all g e G and h e F. 

(3) With a — J2geG ^9' element 1 — a is Cuntz subequivalent to an element 
of the hereditary subalgebra generated by x. 

(4) \\axa\\ > 1 — e. 

(5) t(1 - a) < e for all r G T{A). 

Note that since any element of xAx is subequivalent to x, the third condi- 
tion is equivalent to 1 a ^ x. 
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Proposition 4.2. If A is an infinite dimensional unital stably finite simple C* - 
algebra and a : G Ant (A) is an action of a finite group with the strong form of 
the projection free tracial Rokhlin property as given above, then a has the projection 
free tracial Rokhlin property as given in Definition \2. 7| 

Remark 4.3. // we have an action with the strong form of the projection free 
tracial Rokhlin property, then in Lemma \3.S\ we can also arrange for 1 — a ^ x and 
\\axa\\ > 1 — 5. This is easy to see from the proof by adding in the words "strong 
form of" before both applications of the projection free tracial Rokhlin property. 

The content of the following lemma is that the condition 1 — a ^ a;, in the 
projection free tracial Rokhlin property (or its strong form), is not needed when 
the algebra has strict comparison and every 2-quasi-trace is a trace. 

Proposition 4.4. Let A be an infinite dimensional unital simple C* -algebra. Sup- 
pose also that all 2-quasi-traces on A are traces and that A has strict comparison. 
Let a : G ^ Aut(A) be an action of a finite group G on A. Suppose that for every 
finite set F C A, every e > 0, and every positive element x d A with \\x\\ = 1, there 
exist mutually orthogonal elements Og E A for each g £ G with < Og < I such 
that: 

(1) \\ag{ah) - OghW < e for all g,h £ G. 

(2) \\agb - bogW < £ for all g <E G and b e F. 

(3) With a — "^g^Q flg, we have \\axa\\ > 1 — e. 

(4) t(1 -a) <e for all r £ T{A). 

Then a has the strong form of projection free tracial Rokhlin property and hence, 
if A is also stably finite, the projection free tracial Rokhlin property. 

5. EXAMPLE 

Remark 5.1. Let Z be the Jiang-Su algebra as constructed in 7 . Then Z is an 
infinite dimensional stably finite exact simple unital C* -algebra with a unique trace. 
Also, Z has strict comparison and stable rank one. In other words, Z satisfies the 
hypotheses on the algebra in Theorem \3.17\ 

Proof. By Theorem 2.9 of [7 Z is infinite dimensional, unital and simple with a 
unique tracial state. The algebra Z is stably finite since it has a faithful tracial 
state. We see that Z is exact because it is the direct limit of exact C*-algebras. 
By Theorem 5.3 of [21], Z has strict comparison because it is simple and it is 
the inductive limit of a sequence of recursive subhomogeneous algebras with slow 
dimension growth. Because all the maps in the system are unital, an e/3 argument 
shows that Z has stable rank one. I 

Recall that Z ^ Z ^Z. 

Example 5.2. Let G = Z/2Z = {1,-1}. Let a : G ^ Aut(Z ® Z) be given by 
a_i : Z (g) Z — > Z (g) Z maps a(i)b to b ® a. Then a has the projection free tracial 
Rokhlin property. 

Before proving the action in Example 15.21 has the projection free tracial 
Rokhlin property we will need some lemmas. 

The following is a proposition in [13] and Z satisfies its hypotheses [14] . 
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Proposition 5.3. Let A be a unital C* -algebra. Let t be a tracial state on A such 
that, with tTt being the associated Gelfand-Naimark-Segal representation, the von 
Neumann algebra TTr{A)" has no minimal projections. Let S = {a £ A: Q < a < 1}. 
For a G S let fia be the Borel probability measure on [0, 1] defined by f d^a = 
T{f{a)) for f € C([0, 1]). Then there exists a dense Gg-set G C S such that, for 
every a £ G and every t G [0, 1], we have /ia({i}) ~ 0. 

Lemma 5.4. Let X = [0, 1]^. Let h : X X be the flip given by h{s,t) = {t,s). 
Suppose /io is a Borel probability measure on [0,1] such that ^o{{t}) = for all 
t £ [0, 1]. Define to be the product measure /io x /^o on X . Then for every e > 0, 
there exists a closed subset Y G X such that 

(1) Yr\h{Y) = 

(2) ^i[X\{YUh{Y))]<e 

Proof Define E = {{s,t) e X : s < t} and A ^ {{s,t) £ X : s = t}. Fubini's 
Theorem and the fact that Ha{{t}) = for all t G [0, 1] imply /i(A) = 0. Note that 
the homeomorphism h preserves /i. Therefore, /i(-E) — ^{h{E)). Since Er\h{E) = 
we have 

l^^l{x\A) 

= fi{EUh{E)) 
= fi{E) + ^i{h{E)) 
= ME). 

Therefore, fi{E) = i. 

By the inner regularity of fi choose a compact set Y C E such that n{Y) > 

KE) - 1. 

Then we have 

li{X \ [Y U hiY)]) = 1 - /i(F) - fi{h{Y)) 

= 1 - MY) 

< 1 - 2(/.(i?) - e/2) 

= e. 

This completes the proof. I 

Now we are in a position to prove the statement in Example 15.21 

Proof of Example \5.2[ Let e > and a finite subset F C Z ^ Z he given. Recall 
that 

Z ® Z ^ lim(Z Z)®" 

with connecting maps given by z i— > z ® 1. Therefore, there exists N sufficiently 
large such that for every d £ F, there is some e £ (Z ^ ^^t^N .^^j^j^ y^j _ g|| g^3_ 
For any positive y £ Z, we have sp(j/) is connected since there are no no- 
trivial projections. In particular, sp(?/) is either a point or an interval, but the only 
elements which have a single point for their spectrum are the scalars. Furthermore, 
if is defined as in Proposition 15. 3[ and sp(j/) is a point, then = for all 

t ^ y. Therefore, every element of the dense Gs set found in [53] has an interval for 
its spectrum. Choose y out of this dense set and by rescaling we may assume that 
sp{y) = [0, 1]. Let 110= fiy. 



40 



DAWN ARCHEY 



Apply Lemma 15.41 with e and /io as given to obtain a closed subset Y C 
[0, 1]^. As in Lemma [5.41 let /i be the product measure of /io with itself on [0, 1]^. 
Let u! be the corresponding tracial state on C([0, 1]^). Let U C [0, 1]'^ be an open 
subset satisfying U n h{U) — and Y C U, where h is the flip as defined in the 
statement oflOl Let 7 : C([0, f]^) ^ C([0, f]^) be defined hy g ^ g o h. 

Let / be a continuous function which is f on y and has supp(/) C U. 
Define (/.q : C([0, 1]) ^ Z by 0o(g) = giv)- Let : C([0, f]^) ^ (Z® Z)^ (g){Z^Z) 
be given by g 1-^ f (X> (0o ® 0o)(5)- Note that (p o j — a_i o (/) and t o ip — uj. 

Set bi = f and &_i = 7(/)- Then set oi = 0(&i) and a_i = 0(6_i). ft 
remains to prove that these are the desired elements. Note that ai and a_i are 
orthogonal since / and 7(/) are orthogonal by virtue oi U H h{U) = 0. Similarly, 
they are positive because / and 7(/) are positive and so is Note ||ag|| — = 
\\b,\\^\\f\\ = l. 

For (f) we have a_i(ai) — a_i(0(/)) = (pilif)) — 4'{b-i) — o-i- Simi- 
larly, a_i(a_i) = ai. 

By the choice of N, for each d e F there exists e e {Z ® z)®'^ with 
||d — e|| < e/3. Since G 1 ® (g) Z) we have ||ag(i — c?ag|| < ||agd — age|| + ||age — 
eagll + \\eag — dag\\ < 2e/3. This shows that (2) holds. 

Condition (3) is shown by computing 

T(f-a)=r(0(f-/-7(/))) 
= c.(f-/-7(/)) 

= / il-f-lif))d^^ 

J[0,l]2 

<^,{[0,l?\{YUh{Y))) 
< e. 

Therefore, the tensor flip on Z ® Z has the projection free tracial Rokhlin 
property. I 

Corollary 5.5. Let G and a he as in Example \5.S[ Then C*(G,Z,a) has stable 
rank one. 

Proof. This is an immediate consequence of Remark l5.ll Example l5.2[ and Theorem 
IXT71 I 

The fact that C*{G, Z, a) has stable rank one is not new (see Theorem 1.1 
of [6]), although the above proof is different. 
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